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SUMMARY 
A viscous parabolic subset of the incompressible Navier- 
S tokes  equat ions ,  the  quas i -cy l indr ica l  vor tex  equat ions ,  can  be  
used t o  compute vortex f lows as  long as t h e i r  stream sur face  
angle  remains small. A t  low values of a swirl parameter, 
computation  presents no d i f f i c u l t i e s .  A t  h igh s w i r l  va lues ,  
s i n g u l a r i t i e s  are encountered which indicate a f a i l u r e  of t h e  
quas i -cy l indr ica l  approximat ion  and 'a re  thought  to  be  assoc ia ted  
with  physical  axisymmetric  vortex  breakdown.  'Vortex  breakdown' 
i s  normally followed by a 'vor tex  bubble ' ,  and a 'vor tex  jump' 
may occur farther downstream. 
I t  is found tha t  the  quas i -cy l indr ica l  vor tex  equat ions  have  
an i n f i n i t e  number of d i scre te  swir l -dependent  s ingular i t ies  
whose co r re spond ing  c r i t i ca l  swirl values depend on v e l o c i t y  and 
c i r c u l a t i o n   p r o f i l e   s h a p e s .  The behavior   of   f low  (decelerat ion 
vs'. acce l e ra t ion  on the  vo r t ex  ax i s )  i s  oppos i te  on bo th  s ides  
of a s i n g u l a r i t y  (i .e. a t  h i g h e r  o r  lower s w i r l )  . A t  high swirls, 
the approach to  s ingular i t ies  can only be avoided by a p p l i c a t i o n  
o f  spec i f i c  ex te rna l  ax ia l  ve loc i ty  and /o r  c i r cu la t ion  g rad ien t s .  
The s i n g u l a r i t i e s  a p p e a r  t o  c o r r e s p o n d  t o  t h e  c r i t i c a l  s w i r l  
va lues  of  the  equat ion  of  inv isc id  ro ta t ing  f low.  
The f i r s t  s i n g u l a r i t y  S1 i s  o f  p a r t i c u l a r  s i g n i f i c a n c e  as 
it seems to  correspond to  the often observed axisymmetric 
explosive  breakdown. The phys ica l  s ign i f i cance  of the  h igher  
iii 
s i n g u l a r i t i e s  i s  n o t  q u i t e  clear a t  present .  A second important 
va lue  of the swirl parameter i s  So which s e p a r a t e s  f l o w  which 
decays smoothly from vortex flow.which eventually breaks down. 
Typ ica l  vo r t ex  f lows  ( in i t i a l ly  un i fo rm ax ia l  f l ow,  l ead ing  
edge  vo r t ex ,  t r a i l i ng  vo r t ex )  are computed for a wide  var ie ty  of  
i n i t i a l  swirl parameters using a method of  weighted residuals  
which expresses the v e l o c i t y  and c i rcu la t ion  approximat ions  in  
terms of  exponent ia ls .  The e f f e c t s  of e x t e r n a l  a x i a l  v e l o c i t y  
and c i r c u l a t i o n  g r a d i e n t s  a r e  i n v e s t i g a t e d .  
iv 
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I. INTRODUCTION 
1.1 Physics.  of  the.  Problem 
The p r e s e n t  r e p o r t  p r e s e n t s  and discusses  numerical  
s o l u t i o n s  t o  a s p e c i f i c  p a r a b o l i c  s u b s e t  - a p p l i c a b l e  t o  q u a s i -  
cy l ind r i ca l  vo r t ex  f lows  - of the axisymrnetric incompressible 
Navier-Stokes equations.  This subset can be used as a reasonable  
approximation for many vor tex  f lows  occurr ing  in  technologica l  
app l i ca t ions  and i n  n a t u r e  (wing vortices, r o t a t i n g  t u b e s ,  
swi r l ing  p ipe  f low,  dus t  dev i l s ,  t o rnados ) .  So lu t ions  o f  t he .  
quas i -cy l indr ica l  vor tex  equat ions  are therefore  of  some i n t e r e s t  
i n  t h e i r  own r i g h t ,  b u t  o f  e v e n  g r e a t e r  i n t e r e s t  a r e  p e r h a p s  t h e  
conditions under which solutions 'cannot be obtained. In such 
cases  the physics  of  the problem are d i f f e r e n t  t h a n  assumed i n  
t h e  quasi-cyl indrical  approximation,  and t h i s  subset becomes 
inadequate.  When th i s  happens ,  t he  phys ica l  coun te rpa r t  o f  t he  
flow under consideration most l i ke ly  expe r i ences  a r ap id  expan- 
s i o n  o r  c o n t r a c t i o n  o f  t h e  c o r e  t o  v i o l a t e  t h e  c o n d i t i o n  o f  
quas i - cy l ind r i c i ty .  
Observations of vortex flows a t  high s w i r l  do indeed show 
rapid expansions and/or  contract ions under  cer ta in  condi t ions.  
The observed closely-related phenomena have been lumped under 
the headings of 'vortex breakdown' and 'vortex bursting' ,  and 
several   explanat ions  have  been  advanced.   Unti l   recent ly  a 
pecul ia r i ty  of  vor tex  f lows  - t h e i r  e x t r e m e  s e n s i t i v i t y  t o  p r o b e  
i n s e r t i o n  - has prevented the gather ing of  reliable experimental  
d a t a  t o  v e r i f y  t h e s e  e x p l a n a t i o n s .  Only now, with the advent of 
probeless velocity measurement using the laser Doppler anemometer, 
can r e l i a b l e  d a t a  be c o l l e c t e d ,  and t h e o r i e s  be checked, and 
a s s igned  the i r  p rope r  p l ace  in  the  ove ra l l  f l ow p ic tu re .  I t  
t u r n s  o u t  
r e a l l y  i n  
phenomena 
under  the 
- once more - t h a t  t h e  c o n f l i c t i n g  t h e o r i e s  are n o t  
c o n f l i c t  a f t e r  a l l ,  b u t  t h a t  t h e y  d e s c r i b e  d i f f e r e n t  
which are indeed observed t o  often happen more o r  less 
same circumstances.  
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I n  order t o  p u t  t h e  r e s u l t s  of this s t u d y  i n t o  t h e  p r o p e r  
phys i ca l  pe r spec t ive ,  an i n t e r p r e t a t i o n  of 'vortex breakdown' 
observa t ions  w i l l  f i r s t  be made par t ly  based  on r e c e n t  laser 
anemometer s t u d i e s  which have l ead  t o  some unexpected observa- 
t i o n s .  The conclus ions  cont ras t  sOme:-~terpretatiOps. till to be 
f w d  L .  in %h+ cwmn% literature. 
Ear l ie r  exper imenta l  and  theore t ica l  work i n  the are.a of 
concentrated vortex f lows has been reviewed in  Ha l l  (1966a ) ,  and 
a very comprehensive bibliography to 1967 i s  g i v e n  i n  T i m  
( 1 9 6 7 ) .  A review of vortex breakdown has recent ly  been made by 
Hal l  ( 1 9 7 2 ) ,  and a comprehensive review of confined vortex flows 
i s  due to. Lewellen ( 1 9 7 1 ) .  Observations  of  wing  vortex flows 
and vo r t ex  breakdown, e s p e c i a l l y  on de l ta  wings ,  are numerous 
- re ferences  can  be found i n  the reviews c i t e d .  With ve ry  few 
except ions (especial ly  Humel  1965,  McCormick e t  a l .  1968) 
t h e s e  s t u d i e s  are q u a l i t a t i v e .  I t  i s  expec ted  tha t  reliable 
q u a n t i t a t i v e  d a t a  f o r  wing vor tex  flows w i l l  become a v a i l a b l e  
i n  t h e  n e a r  - f u t u r e  w i t h  the advent of t w o -  and three-dimensional 
and rapid scanning laser Doppler anemometers.  
Much useful  information on the phenomenon of vortex 
breakdown has come from the s tudy of s w i r l i n g  f l o w  i n  p i p e s  ( i n  
p a r t i c u l a r  Harvey 1 9 6 2 ,  Sarpkaya  1971a, 1971b ,  Orloff 1 9 7 1 ,  
Orloff and Bossel 1 9 7 1 ) .  The dye  studies  of  Harvey and 
Sarpkaya are q u a l i t a t i v e  o n l y ,  and t h e  conclusions of these 
authors have been somewhat revised by the  q u a n t i t a t i v e  o p t i c a l  
velocity  measurements  of  Orloff  and Bossel. More information on 
the vor tex  breakdown phenomenon has come from the study of flow 
i n  a s t a t i o n a r y  c y l i n d e r  w i t h  a r o t a t i n g  l i d  (Maxworthy 1967 ,  
Vogel 1 9 6 1 ) .  I n  the c a r e f u l  and comprehensive work of 
Vogel q u a n t i t a t i v e  data on vor tex  breakdown are obtained from 
tracer studies.   Swirling  f lows  undergoing a rapid  expansion 
have been studied by Gore and Ranz ( 1 9 6 4 ) ,  Nissan and Bresan 
( 1 9 6 1 ) ,  Potter e t  a l .  (1958),  So ( 1 9 6 7 ) ,  Vonnegut  (1954)  and 
others. 
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Several conflicting explanations have been advanced t o  
explain the sudden expansion of vortex cores, most commonly 
r e f e r r e d  t o  as 'vortex breakdown' : t h e  s p i r a l  i n s t a b i l i t y  t h e o r y  
of Ludwieg ( 1 9 6 2 ,  1965) ,  the  hydraul ic  jump analogy of Benjamin 
(19621,  o r ,  i n  a milder form, the concept of a s t a t i o n a r y  wave 
(Benjamin 1 9 6 7 ,  Leibovich 1968) ,  and f inal ly  the explanat ion on 
t h e  b a s i s  of s ta t ionary  cont inuous  so lu t ions  of  the  Navier -S tokes  
equa t ions  fo r  swi r l ing  f low,  or a proper subset thereof (Vaisey 
1956, Lavan  and Fejer 1 9 6 6 ,  Bossel 1 9 6 7 ,  1 9 6 9 ,  Orloff  1971 ,  
Orloff  and Bossel 1 9 7 1 ,  Torrance  and Kopecky 1 9 7 1 ) .  On t h e  
o ther  hand ,  - the  fa i lure  of  the  quas i -cy l indr ica l  subset of t h e  
Navier-Stokes equations ( i .e .  t he  f a i lu re  o f  t he  quas i - cy l ind r i -  
cal  approximation in  reg ions  of  rap id ly  expanding  or  cont rac t ing  
vortex flow) has been used by Gartshore (1963), H a l l  (1966b1, 
Bossel ( 1 9 6 7 ,  1971)  , Mager (1971)  t o  p r e d i c t  t h e  p o s i t i o n  o f  
l i k e l y  breakdown and the  behavior  of flow preceding it. 
Most experimental  observat ions seem to  suppor t  the  v iew 
t h a t  t h e  sudden expansion of vortex cores i s  most often an 
axisymmetric phenomenon and n o t  t h e  r e s u l t  o f  s p i r a l  i n s t a b i l i t y .  
However, according to unpublished experiments (Ludwieg 1 9 7 1 ,  
p r i v a t e  c o m m u n i c a t i o n ) ,  s p i r a l  i n s t a b i l i t y  may indeed play a 
m a j o r  r o l e  i n  t h e  breakdown  of d e l t a  wing vor t ices .  Other  
ins tab i l i t i es  have  been  ident i f ied  by  Sarpkaya  (1971a ,b ) ,  b u t  t h e  
dominant r o l e  i n  what w e  know as the 'breakdown'-process appears 
t o  b e  a sudden  axisymmetric  expansion  of  the core. I t  i s  f o r  
t h i s '  r e a s o n  t h a t  t h e  axisymmetric equat ions  are s t u d i e d  i n  t h e  
p re sen t  work .  Before  en ter ing  in to  the  ana lys i s ,  it w i l l  be  
u s e f u l  t o  p i ece  toge the r  a comprehensive picture of the axisym-- 
metric 'vortex breakdown'-process based on the most r e c e n t  
quant i ta t ive  da ta  obta ined  through opt ica l  ve . loc i ty  measurements  
by  Orloff (1971)  and  Orloff  and Bossel ( 1 9 7 1 ) .  I t  i s  found  tha t  
the  explana t ions  and  theor ies  proposed  so f a r  a l l  have  the i r  
p roper  p lace  and are no t  r ea l ly  compe t i t i ve .  The proper range 
o f  app l i ca t ion  w i l l  b e  i d e n t i f i e d .  
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Consider f i r s t  a vortex flow w i t h  more or less c y l i n d r i c a l  
ex te rna l  s t r eam su r faces  and a high 'swirl' (some ra t io  of a 
r ep resen ta t ive  c i r cumfe ren t i a l  ( s w i r l )  v e l o c i t y  t o  a representa-  
t i v e  a x i a l  v e l o c i t y ) .  An adverse  pressure  grad ien t  i s  
superimposed on the axis by the presence of an axisymmetric 
obstacle (Orloff  and  Bossel 1 9 7 1 ) .  The f l o w  observed is  then as 
shown in Fig. 1.1. The flow initially approaches the  obstacle in a 
quas i - cy l ind r i ca l  manner. The ve loc i ty  on  the  ax i s  decreases 
u n t i l  a s t agna t ion  po in t  i s  reached on the a x i s  and f l o w  has t o  
move outward  from the  ax i s  nea r  t h e  s tagnat ion  poin t .  In  keeping  
w i t h  t r a d i t i o n a l  n o t a t i o n ,  t h i s  p a r t i c u l a r  p r o c e s s  w i l l  be c a l l e d  
'vor tex breakdown'  in  t h e  following. 
There i s  reversed (upstream) axial  f low on t h e  downstream 
s i d e  of the s t agna t ion  po in t .  T h i s  reversed  f low i s  p a r t  of 
the flow i n  t h e  ( ' f o rced ' )  ' vo r t ex  bubb le '  between s t agna t ion  
po in t  and o b s t a c l e ,  a c losed  reg ion  wi th  prac t ica l ly  no i n t e r -  
change of f l u i d  w i t h  the  surrounding  flow. The external   f low 
passes over t h e  bubble  and  over t h e  rear of t h e  obs t ac l e .  A s  
it passes  over  t h e  r e a r  it undergoes a 'vor tex  jump' i n  t h e  
sense of t h e  hydraul ic  jump analogy of Benjamin ( 1 9 6 2 ) ,  w i t h  a 
s u b s t a n t i a l  l o s s  of a x i a l  momentum and an at tendant  expansion 
of stream su r faces  nea r  t he  a x i s .  
I n  Fig.  1 . 2  the  s t a g n a t i o n  p o i n t ,  and t h e  rapid expansion . 
near  the axis  are  caused by t h e  e f f e c t  of an  ex terna l  pressure  
gradient such as produced  by a flow divergence. With a proper 
favorable  pressure  grad ien t  the bubble w i l l  c o n t r a c t  downstream 
and may evewbe  more or  less closed.  Flows  having  such 
(seemingly) closed ' free '  vortex bubbles can either be generated 
by proper  shaping  of  an  outer  sur face  as  in  F ig .  1 . 2  (Bossel 
and Orloff 1971 ,  unpublished) or by a self- induced process  
between vortex bubble and e x t e r n a l  f l o w f i e l d  a s  i n  the vor t ex  
tube  flows  of  Harvey ( 1 9 6 2 )  and  Sarpkaya (1971a,b).  Sarpkaya 
has even succeeded i n  g e n e r a t i n g  s e v e r a l  v o r t e x  b u b b l e s  i n  a 
row. J u s t  downstream of a vor tex  bubble a vor tex  jump m a y  
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occur ,  bu t  does not  appear  t o  o c c u r  i n  many cases 
bubble i s  smooth or repeated.  Following  Benjamin 
where the 
( 1 9 6 7 )  and 
Leibovich (1968) these vortex bubbles can be viewed as s o l i t a r y  
waves. H o w e v e r ,  t he i r  desc r ip t ion  appea r s  t o  be  more s t r a i g h t -  
forward and a c c e s s i b l e  t o  n u m e r i c a l  q u a n t i t a t i v e  a n a l y s i s  i f  
d i r e c t  u s e  i s  made of the Navier-Stokes equations or  a proper 
subse t  of  these  equat ions .  
Fig.  1.3 shows a n o t h e r . p o s s i b i l i t y  which appears t o  be. 
t y p i c a l  o f  d e l t a  wing vortex flows and some t o r n a d o s .  I n  t h i s  
case the vortex bubble  foI lowing the vortex breakdown i s  n o t  , 
closed  downstream. A t  some d i s t ance  from t h e  breakdown p o i n t  
the flow again becomes  more or less c y l i n d r i c a l .  I n  o t h e r  f l o w s  
(on del ta  wings,  for  example)  a s tagnat ion  poin t  occas iona l ly  
does not  seem t o  e x i s t :  t h e r e  i s  only a swel l ing  of the  core  wi th  
an a t t endan t  dec rease  o f  ve loc i t i e s  i n  the  co re .  Th i s  s i t ua t ion  
i s  dep ic t ed  in  F ig .  1.4; t h e  term 'vo r t ex  bu r s t ing '  shou ld  
probably be reserved for it. 
F i n a l l y ,  i f  t h e  s w i r l  i s  very  h igh  in  a vo r t ex ,  t he  vo r t ex  
assumes a decidedly different  columnar  character  where f low 
dependence on a x i a l  p o s i t i o n  has e s sen t i a l ly  d i sappea red ,  and 
the  'Taylor  column'  stretches  far  downstream  (Fig.  1 . 5 ) .  This 
s t r u c t u r e  i s  found downstream of a vor tex  jump or immediately 
downstream of t h e  f l o w  e n t r a n c e  i f  t h e  i n i t i a l  s w i r l  i s  very 
high. I n  keeping  with  accepted  notation  (Benjamin 1 9 6 2 )  t h i s  
flow i s  termed ' subcr i t ica l '  whi le  the  f low ups t ream of  a vor tex  
jump would be  ' supe rc r i t i ca l ' .  (S t a t iona ry  waves may occur i n  
' s u b c r i t i c a l '  f l o w ,  w h i l e  i n  ' s u p e r c r i t l c a l '  flow t h e  a x i a l  f l o w .  
i s  t o o  f a s t ,  sweeping any waves downstream). 
Summarizing the experimental  observat ions,  it is  obvious 
t h a t  c l e a r  d i s t i n c t i o n s  e x i s t  between 'vortex breakdown' and 
' vo r t ex   j ump ' ,   ' supe rc r i t i ca l '   and ' subc r i t i ca l '   f l ow,   ' vo r t ex  
breakdown' and 'vortex burst ' , 'axisymmetric breakdown' and 
nonaxisymmetr ic   ins tab i l i t i es .  For convenience, 'we  have  also 
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___c 
vor t ex  breakdow 
' forced '  vortex bub o l w  U P  
Fig. 1.1. Vortex breakdown,caused by presence of an obs tac l e  : 
on t h e  a x i s .  
'vortex jump 
'free' vortex  bubble (may or  may n o t  
Fig. 1 . 2  'Free ' vor tex  breakdown with  'c losed '   bubbie .  
vo r t ex  b 
Fig.  ,1.3 'Free' vor tex  breakdown w i t h  'open'  bubble. 
" " 
Fig. 1.4 Expansion of vortex core; no breakdown with free 
s t agna t ion  po in t .  
occur) 
Fig.  1 .5  Subc r i t i ca l   (Tay lo r  column) behavior.  
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" 
distinguished between 'free '  and 'forced'  vortex bubbles,  
al though they appear t o  be  the  r e su l t  o f  t he  same basic.mecha- 
nism. In this report, the term 'vortex breakdown' will be used to 
designate  conditions where the quasi-cylindrical solutions become 
singular and the corresponding computations fail. This includes rapid 
core expansion, as in the vicinity of the first stagnation point,  and 
rapid  core  contraction. 
wltn accurate optical  velocity measurements ahead o f ,  
around, behind, and in  the  vo r t ex  bubb le  now ava i l ab le  (Or lo f f  
1 9 7 1 ,  Orloff  and Bossel 1 9 7 1 ) ,  it has become poss ib l e  t o  t es t  
the accuracy and appl icabi l i ty  of  numer ica l  approaches  to  the  
so lu t ion   of  t h e  ' vo r t ex  breakdown'  problem. I t  i s  found t h a t  
the quasi-cyl indrical  approximation can be c o r r e c t l y  a p p l i e d  
upstream t o  a distance of the order of the bubble diameter ahead 
of t h e  s t a g n a t i o n  p o i n t  ( F i g s .  1.1-1.3).  Flow in   the   ne ighbor-  
hood of t h e  s t a g n a t i o n  p o i n t  and i n  and around the bubble must 
be t r e a t e d  by us ing  e i the r  t he  fu l l  Nav ie r -S tokes  equa t ions  o r  
a proper  approximate  subset  (Figs. 1 .1-1 .3) .  It w a s  shown i n  
Bossel ( 1 9 6 7 )  t h a t  t h e  p r o p e r  s u b s e t  i s  the  equa t ion  fo r  
inv isc id   ro ta t ing   f low.   Numer ica l   so lu t ions  show e x c e l l e n t  
quant i ta t ive  agreement  wi th  the  measured  ve loc i ty  prof i les  wi th  
an i n a c c u r a t e  d e s c r i p t i o n  of t h e  s w i r l  v e l o c i t y  p r o f i l e  i n s i d e  
the  bubble as the  only  except ion (Orloff and  Bossel 1 9 7 1 ) .  For 
accu ra t e  desc r ip t ion  of the very slow flow inside the bubble, 
viscous terms should be taken into account ;  however t h e  e x a c t  
bubble  shape and the external  f low are  qui te  obviously deter-  
mined a lmost   so le ly  by t h e  i n v i s c i d  f l o w f i e l d .  The i n v i s c i d  
equat ion of rotat ing f low can be a p p l i e d  t o  compute ' f r e e '  and 
' forced '  vor tex  bubbles  equal ly  w e l l  (Bossel 1 9 6 7 ,  1969, Orloff 
1 9 7 1 ,  Orloff and Bossel 1971)  . 
A cont inuous  so lu t ion  i s  n o t  p o s s i b l e  i n  a region where a 
vor tex  jump occurs;  the ' f low force '  concepts  of  Benjamin ( 1 9 6 2 )  
must  then be a p p l i e d  t o  j o i n  two conjugate  f lows .  In  the  
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observations of Orloff and Bossel (1971) the v o r t e x  jump occurs  
over a distance of approximately one bubble diameter and i s  
marked by  very  s t rong  turbulence .  
1.2 Swirl Parameter 
The axisymmetric behavior of a vor tex  flow is  very much a 
function of i t s  s w i r l .  A s w i r l  parameter can be def ined  as 
the r a t io  of some rep resen ta t ive  ( c i r cumfe ren t i a l )  swirl v e l o c i t y  
t o  a r e p r e s e n t a t i v e  a x i a l  v e l o c i t y  (see Sec. 111). For  zero 
swirl, t h e  f low reduces to  a j e t  or wake, depending on whether 
a ve loc i ty  excess  or def ic i t  e x i s t s  on the a x i s .  This j e t  or 
wake v e l o c i t y  p r o f i l e  w i l l  u l t imate ly  decay  t o  the freestream 
v e l o c i t y  as the f l o w  proceeds  downstream. The same is t r u e  f o r  
small and medium amounts of s w i r l ,  u n t i l  the swirl v e l o c i t y  and 
a x i a l  v e l o c i t y  reach comparable  magnitudes. A t  h igher  swirl 
parameters,  the asymptotic approach t o  freestream condi t ions  
i s  rep laced  by  dece lera t ion  of the  flow on the a x i s  u n t i l  a 
stagnation point and subsequent 'breakdown bubble ' ,  or a t  least 
a swel l ing  of t h e  core appear.. A l l  other condi t ions being 
equal ,  there is  obvious ly  one  par t icu lar  swirl parameter value 
which d i v i d e s  a vo r t ex  flow which decays  in  a wake-like manner 
from  another which 'breaks down'.  This  dividing swirl parameter 
i s  designated So i n  the following; it is  a funct ion of  the 
v o r t e x   v e l o c i t y   p r o f i l e s .  
Axisymmetric vortex breakdown i s  a completely symmetric 
phenomenon with.  i t s  o r i g i n  a t  the vary axis (Sarpkaya 1971a,b, 
Orloff 1 9 7 1 ) .  Thus condi t ions  on the axis must be of v i t a l  
importance i n  i t s  i n c e p t i o n .  I n  p a r t i c u l a r ,  v i s c o s i t y  estab- 
lishes r i g i d  r o t a t i o n  a t  and nea r  t h e  a x i s .  For a r i g i d l y  
r o t a t i n g  i n v i s c i d  c y l i n d r i c a l  s l u g  of f l u i d  of r a d i u s  rc, 
a x i a l  v e l o c i t y  uax, and swirl v e l o c i t y  wc a t  rc, a swirl parame- 
ter can be defined by S = wc/uax, and t w o  important theoretical 
r e s u l t s  follow: 
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As the s w i r l  i s  increased  and crosses So = fi from 
below, a n  i n i t i a l  d e c e l e r a t i o n  o f  the core elemellt w i l l  
amplify and lead t o  s t agna t ion  (Bossel 1968).  
As t h e  swirl i s  increased  fur ther  and  crosses S1 = j11/2 
(= 3.8317/2 = 1.9159)* from below, t h e  character of 
the solut ion changes from 'supercr i t ical '  (which cannot  
support   standing  waves) t o  'Subcritical' (which  can 
support   standing  waves)  (Fraenkel  1956).  As S reaches 
the  va lues  jln/2 corresponding t o  higher  zeros  of  the  
Beesel func t ion  J1, more waves appear. 
It can be expected tha t  the c r i t i ca l  s w i r l  va lues  So, S1, 
S2,  . . . of a viscous vortex w i l l  be a funct ion of  the vortex 
v e l o c i t y  p r o f i l e s  and w i l l  be  somewhat d i f f e r e n t  from those f o r  
t h e  r i g i d l y  r o t a t i n g  i n v i s c i d  c y l i n d r i c a l  s l u g .  O f  p a r t i c u l a r  
s ign i f i cance  fo r  vo r t ex  flows a r e  So (dividing wake-type from 
breakdown behavior) and S1 (beyond S1 subs tan t ia l  ups t ream 
inf luence  i s  p o s s i b l e ) .  
1.3  Numerical  Approach 
Laminar incompressible steady axisymmetrio vortex flows 
a r e  described by t h e  corresponding form of the Navier-Stokes 
equations.  These equations can be approximated  by a pa rabo l i c  
viscous se t ,  analogous t o  t h e  boundary layer  equat ions,  in  
regions where the stream surface angle  remains s m a l l  (quasi-  
c y l i n d r i c a l  v o r t e x  f l o w ) ,  and by the invisc id  equat ions  of  
ro ta t ing  f low a t  and n e a r  t h e  a x i s ,  and where stream sur face  
angles  become large (expansion or cont rac t ion  of  the core) 
(Bossel 1969).  
Some s o l u t i o n s  of the i n v i s c i d  set p e r t a i n i n g  t o  vo r t ex  
flows a t  high swirl have been presented in  Bossel (1967,  19691 ,  
Chow (19691,  Or lo f f  and Bossel .(197.1): here we. shall now di.scuss 
* 
j l l  i s  t h e   f i r s t  z e r o  of the Bessel func t ion  J1.' 
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a method of  so lv ing  the  parabol ic  v i scous  set and give corres- 
ponding r e s u l t s  f o r  d i f f e r e n t . s w i r 1  p a r a m e t e r s ,  i n i t i a l  v e l o c i t y  
p r o f i l e s ,  and  ex terna l  pressure  and c i r c u l a t i o n  g r a d i e n t s .  
S ince  the  reg ions  of v a l i d i t y  of the two sets p a r t i a l l y  o v e r l a p  
on and n e a r  t h e  a x i s ,  it should be possible  t o  confirm some of 
t h e  ear l ier  r e s u l t s .  The parabol ic  system has been used before 
in numerical  computations by different methods (Gartshore 1963, 
Hall  1965, Bossel 1 9 6 7 ,  Mager 1 9 7 1 ) .  Gartshore and Mager each 
used a momentum-integral approach and encountered a s i n g u l a r i t y  
which they l inked to  the  vor tex  breakdown phenomenon and t o  the 
c r i t i ca l  s w i r l  parameter 3.8317/2 of flow i n  i n i t i a l l y  r i g i d  
r o t a t i o n .  The p r e s e n t   r e s u l t s   r e i n f o r c e  this  view. Beyond 
t h i s  c r i t i c a l  s w i r l  r a t i o ,  Bossel (1967)  and Mager (1971)  also 
obtained flows which cont ras ted  in  behavior  w i t h  those below 
t h e  c r i t i ca l  swirl r a t i o .  
T h e  numerical method  (N-parameter  'exponential series 
in tegra l  method '" )  to  be  used  for  t h e  present  s tudy  has 
previous ly  been  out l ined  in  Bossel (1970a, 1 9 7 1 ) .  A r e l a t e d  
method  (N-parameter  'power series in tegra l  method ' )  has e a r l i e r  
been used  success fu l ly  to  ca l cu la t e  v i scous  vo r t ex  f lows  
(Bossel 1 9 6 7 ) .  The methods were i n s p i r e d  by the success  of 
t h e  Dorodnitsyn method for t h e  calculat ion of  boundary layers  
(Dorodnitsyn 1 9 6 2 ,  Be the l  1 9 6 8 ) ,  e s p e c i a l l y  by i t s  aspects  of  
speed  and  accuracy. However, t h e  Dorodnitsyn  approach w i t h  i t s  
use of Y (U) i n  p l a c e  of U(Y) cannot be d i r e c t l y  a p p l i e d  t o  
vortex f lows where a x i a l  v e l o c i t y  p r o f i l e s  o f t e n  e x h i b i t  o v e r -  
shoot  and f l o w  r e v e r s a l .  The present  approach  circumvents t h i s  
problem. The ,soundness  of t h e  exponent ia l  series i n t e g r a l  
method has been demonstrated in i t s  appl ica t ion  to  incompress i -  
ble and  compressible  boundary  layer  flows  (Bossel 1 9 7 0 a , b ,  
Mitra and Bossel 1 9 7 1 ) .  
* 
The term ' integral  method '  i s  used here to  avo id  the  cumber- 
some (but  more accura te )  terms 'method  of  weighted  residuals'  
o r  'method of i n t e g r a l  r e l a t i o n s ' .  
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There are good reasons for choosing an N-parameter integral  
method over  a f i n i t e  d i f f e r e n c e  method f o r  a study such as t h e  
present one.  Many of t h e  open  ques t ions  in  th i s  ca se  on ly  
r e q u i r e  a qua l i t a t ive  answer ,  which can be obtained a t  minimal 
computing cost by a one o r  two parameter  solut ion.  I f  accuracy 
i s  d e s i r e d ,  t h e  number of parameters i s  increased without  any 
change i n  t h e  program: Resul t s  of  the  same d e t a i l  and accuracy 
as f o r  f i n i t e  d i f f e r e n c e  methods  can  then  be  obtained. The 
i n t e g r a l  a p p r o a c h  r e d u c e s  t h e  s o l u t i o n  o f  p a r t i a l  d i f f e r e n t i a l  
equat ions t o  so lu t ion  of  a set  of o r d i n a r y  d i f f e r e n t i a l  equa- 
t i o n s .  Well-known stable  integrat ion schemes,  such as t h e  
Runge-Kutta  method,  can be a p p l i e d .  T h e r e . i s  little chance  of 
confusing a t r u e  s i n g u l a r i t y  o f  t h e  set o f  equa t ions  to  be 
solved with a s i n g u l a r i t y  o f  a f i n i t e  d i f f e r e n c e  scheme rep lac ing  
it. No i t e r a t i o n s  are necessa ry .   F ina l ly ,   ve loc i t i e s ,  stream 
funct ion ,  pressure ,  boundary  layer  th ickness ,  shear ,  e tc . ,  can 
a l l  be computed simply and d i r e c t l y  f rom analy t ica l  express ions  
involv ing  the  parameters  in  the  ve loc i ty  approximat ions .  
1 . 4  Overview 
The following Sec t ion  I1 w i l l  f i r s t  describe t h e  computa- 
t i o n a l  method  and g ive  an  example f o r  i t s  accuracy .and 
convergence.   Singular i t ies   of   the   equat ions  are   invest igated i n  
Sect ion 111, and a s w i r l  parameter i s  introduced.   Sect ion I V  
i n v e s t i g a t e s ,  f o r  c o n s t a n t  e x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a -  
t i on ,  t h ree  vo r t ex  f lows  which a r e  o f  p a r t i c u l a r  i n t e r e s t  t o  
t he   f l u id   dynamic i s t :  (1) vor t ex   f l ow  wi th   i n i t i a l   un i fo rm  ax ia l  
v e l o c i t y ,  (2) vortex f low where the veloci ty  on t h e  a x i s  i s  
in i t i a l ly  h ighe r  t han  the  f r ees t r eam ve loc i ty  ( l ead ing  edge  
vo r t ex )  , and ( 3 )  vortex f low where the veloci ty  on t h e  a x i s  i s  
i n i t i a l l y  lower t h a n  t h e  f r e e s t r e a m  v e l o c i t y  ( t r a i l i n g  v o r t e x ) .  
Represen ta t ive  ve loc i ty  p ro f i l e s  and v e l o c i t y  d i s t r i b u t i o n s  on 
t h e  axis as a func t ion  of  d i s tance  are given. The e f f e c t s  of 
p o s i t i v e  or n e g a t i v e  g r a d i e n t s  i n  t h e  e x t e r n a l  v e l o c i t y  and 
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c i r c u l a t i o n  d i s t r i b u t i o n  are s t u d i e d  i n  S e c t i o n  V. Some 
conclusions are drawn, and r e s u l t s  are summarized i n  S e c t i o n  V I .  
1 2  
11. COMPUTATIONAL METHOD 
In developing a method of weighted residuals for a problem 
i n  t w o  coord ina tes ,  t h e  dependen t  va r i ab le s  in  the  pa r t i a l  
d i f fe ren t ia l  equat ions  a re  rep laced  by  approximat ing  €unct ions ,  
mu l t ip l i ed  by a set  of weight ing funct ions,  and then formally 
i n t e g r a t e d  w i t h  r e s p e c t  t o  one coordinate.  There remains a set  
of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i n  the other coord ina te  fo r  
the pa rame te r s  i n  the  approximating expressions for the dependent 
v a r i a b l e s .  The major task in  deve loping  the integral ,  method is  
the correct .development  of the c o e f f i c i e n t s  i n  t h e  set  of ordinary 
d i f f e r e n t i a l  e q u a t i o n s  - n o t  a d i f f i c u l t  t a s k ,  b u t  one requir ing 
careful bookkeeping. The FORMAC* method has been used i n  a case 
of comparable complexity t o  r e l e g a t e  t h i s  task t o  t h e  computer 
(Mitra 1 9 7 0 ) .  The o rd ina ry  d i f f e ren t i a l  equa t ions  a re  so lved  for  
t h e  parameters by any of a number of s tandard methods. Knowledge 
of the p a r a m e t e r s  a t  each s t ep  pe rmi t s  ca l cu la t ion  of the depen- 
. .  
den t  
2 . 1  
F ig .  
var iab les  and  of a number of r e l a t e d  v a r i a b l e s  o f  i n t e r e s t .  
Governing Equations 
The independent and dependent  var iab les  a re  in t roduced  in  
2 . 1 .  The dimensional   equat ions  for   incompressible   viscous 
quas i -cy l indr ica l  vor tex  f low are (Bossel 1 9 6 9 ) :  
* 
FORmula W i p u l a t i o n  on Computer, a method developed by IBM 
for non-numerical manipulations. It uses  PL-1 or FORTRAN. 
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Fig.  2.1  Coordinate  system  and  velocities. 
with  the  boundary  conditions: 
at  r = 0: v = 
at r + 03: u + 
Nondimensional 
X = x/r 
u = u/u, 
C 
where  the  core 
0, w = o ,  u = u  (free) 
ue(x) , wr = k +- ke(x) 
ax 
variables  are 
Y = R / 2 =  2 
defined  as follows: 
Re  (r  /2rc2) 2 p = P/(PU, /2) 
2 
define H = VR and K = WR (circulation).  These  quantities  are 
introduced  into  the  conservation  equations.  The  pressure P is 
eliminated  by  cross-differentiation,  and  two  equations  remain 
for U and K: 
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where 
a 
ax ay - ( U K )  + [HK - 2Y + 2.) = 0 
aK 
ax + q + y  4 2 a 2  ( aY'2 H U - 2 Y E ) = O  
Y 
0 
The boundary conditions now become: 
a t  Y = ' O :  H = 0 ,  K = 0 ,  U = U ( free) 
a t  Y -f a: U -f U e ( X )  , p7R = K -f Ke ( X )  
ax 
The p r e s s u r e  a t  any p o i n t  i n  t h e  flow is  given by 
where 
- - u e  2 = P m + l - U e  2 'e - '0 
2.2 In t eq ra l   Re la t ions  
A s  a f irst  s t e p  i n  developing t h e  computational method, 
i n t e g r a l  r e l a t i o n s  a r e  d e r i v e d  from t h e  two momentum equat ions 
(2.2) . In  o rde r  t o  ob ta in  a s u f f i c i e n t  number of  equat ions for  
determinat ion of  the unknown parameters  in  t h e  a x i a l  v e l o c i t y  
and circulat ion approximations t o  be introduced below, the 
equat ions  a re  mul t ip l ied  by members of two sets of weighting 
functions gk(Y) and fk ( Y )  , r e s p e c t i v e l y ,  and then  in t eg ra t ed  
fo rma l ly  in  t h e  Y-direction  from z e r o  t o  i n f i n i t y .  To f a c i l i t a t e  
t h e   i n t e g r a t i o n ,  w e  r e q u i r e  gk (0) , f k  ( 0 )  = f i n i t e ,  and gk (m) , 
fk(")  = 0 .  A f t e r  i n t e g r a t i o n  by par ts ,   rearrangement ,  and 
s i m p l i f i c a t i o n :  
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dX JgkUK d Y  - \ gktHK dY - (2gkt'Y + 4 g k ' ) K  dY = 0 I 
0 0 . . -  0 
0 0 
00 
- ,f ( f K I I Y  2 + 4 Y f i  + 2fk)HU dY 
0 
0 
2.3  Approximating  and  Weighting  Functions 
The i n t e g r a t i o n  i s  completed with the following choices for 
weight ing funct ions and ax ia l  ve loc i ty  and  c i r cu la t ion  approx i -  
mations: 
-OkY 
gk(Y) = e k = 1, 2 ,  . . ., N 
-a.-Y 
k = l , 2 , .  . . , N + 1  fk  ( Y )  = e K 
U ( X , Y )  = (1 - e -aY) 
N 
ue ( X )  + 2 an(X)e + uaX ( X )  e-aY [ n = l  
K ( X , Y )  = W (X,Y) R = (1 - e'uy) Ke (X) + 1 b (X)e'nay N [ n = l  n 1 ( 2 . 4 )  
The externa l .  ve loc i ty  and c i r c u l a t i o n  U e ( X )  and Ke ( X )  are 
prescr ibed:  the  a,(X) , b n ( X )  and the v e l o c i t y  on t h e  a x i s  U a x ( X )  
are free  parameters .  Major reasons for  these  choices (Bossel 
19704 are the  exponen t i a l  cha rac t e r  o$ the  f lows,  ease of 
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analytical  integration,  the  fact  that  the  approximations  satisfy 
the boundary  conditions, and the observation  that  the  approxi- 
mations  satisfy  Weierstrass'  approximation  theorem  after  a 
coordinate  transformation of the semi-infinite  region 0 5 Y i 00 
into 1 - > q > 0, with = e - aY 
- 
2.'4 Svstem  of  Ordinarv.Differentia1  Eauations 
Introduction  of  the  'approximating  expressions  and  the 
weighting  functions (2.4) into  equation (2.3) results  in  the 
following  set  of  ordinary  differential  equations  for  Uax and the 
parameters  .an(X)  and  bn(X) : 
N N 2 'nAn ,k + 'nBn ,k + eaxCk = -6 e k  D - ieEk - Fk 
n=l ' n=l 
k = l ,   2 , .  . . , N + 1  
N N 
1 'n%,k + 1 'nEn,k 
n=l  n=l 
- + caxek = -fieDk - keEk - Fk - 
k = 1, 2, . . ., N 
The  coefficients  are  given  in  the  Appendix.  Only  a  small  part 
of  the  coefficient  calculation  has  to be done at each step: the 
major  part  is  done  only  once at the  beginning  of  the  computation. 
The  system ( 2 . 5 )  of (2N f 1) first  order  ordinary  differential 
equations  is  first  solved  (by  Gaussian  elimination)  for  the 
derivative  vector (dan/dX: dbn/dX; dUa,/dx). A  standard  method 
of  integration  then  produces  the  an,  bn, and U, (the Runge- 
Kutta  method  has  been used in  the present  work).  Axial  velocity 
U(X,Y),  circulation K(X,Y) , and swirl  velocity W ( X , Y )  follow 
from  relations (2.4) . 
17 
2 . 5  I n i t i a l   P r o f i l e s  
I n i t i a l  p r o f i l e  p a r a m e t e r s  an,  bn, and Uax f o r  t h e  i n i t i a l  
a x i a l  v e l o c i t y  and c i r c u l a t i o n  p r o f i l e s  ( 2 . 4 )  are r e q u i r e d  t o  
s tar t  the  ca l cu la t ion .  In  the  p re sen t  s tudy ,  s imple  exponen t i a l  
p r o f i l e s  have been used throughout, i . e . ,  
and (Y) = K e ( l  - e - 0 Y )  or  K e ( l . -  e - 2 a Y )  K i n i t i a l  
Exponents a = 1, and  ak = k ,  k = 1, 2 ,  . . . , N + 1 were used i n  
a l l  o f  t he  ca l cu la t ions .  
I n  t h e  c a s e  of a r b i t r a r y  p r o f i l e s ,  the parameters an, bn ,  
and Uax are obta ined  as  out l ined  in  Bosse l  (1970a  o r  b). The 
procedures for  t h e  a x i a l  v e l o c i t y  p r o f i l e  U ( Y )  and the c i r c u l a -  
t i o n  p r o f i l e  K(Y) are ident ica l .   Thus ,  i f  U ( Y )  i s  the 
( a n a l y t i c a l  o r  t a b u l a t e d )  p r o f i l e  t o  be approximated, UN(Y;an) 
t h e  prof i le  approximation (wi th  unknown parameters  an) ,  and 
fk(Y) a convenient  weight ing funct ion,  then the N unknown 
parameters a are obtained  from t h e  N equat ions  n 
k = 1, 2 ,  . . ., N 
2 .6  Accuracy  and  Convergence 
Results of the p resen t  method were compared w i t h  previous 
computations (Bossel 1 9 6 7 )  using polynomials  in  Y i n  the approxi- 
mating  functions.  For N = 2 t h e  agreement was wi th in  3% i n  t h e  
v e l o c i t y  p r o f i l e s .  I n  cases where they  can  be  compared, the 
computations appear t o  a g r e e  w e l l  wi th  those of Ha l l  (1966b)  
(only a ,quali tative comparison can be made, however, s i n c e  H a l l  
p r e sc r ibes  the  ou te r  s t r eam su r face  shape ) .  C r i t i ca l  runs  have 
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been  r epea ted  wi th  d i f f e ren t  o rde r s  N of approximation. Figures 
2 .2  and 2.3 show t h e  v e l o c i t y  on t h e  a x i s , .  swirl parameter,  and 
p r o f i l e  development for  a breakdown case  ( type  lb)  and N = 1, 
2 ,  3 ,  4 ,  and 5. There i s  obvious  convergence as N i nc reases .  
Cases l i k e  t h e s e . h a v e  t y p i c a l  r u n n i n g  times on the IBM 360/75  of 
5 t o  15  seconds for  N = 1 and 2 ,  and 1 0  t o  30 seconds for N = 3 
t o  5 ,  A l l  cases  discussed later were run with N = 3,  which 
appeared t o  b e  an e f f i c i e n t  compromise between t h e  c o n f l i c t i n g  
demands of high accuracy and l o w  computing time. 
O1/ 0.6 
"ox 1 
0.4 
N= I 
354 
2 
0' 1 1 I I I I I 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 
X 
Fig,  2.2 Development of ve loc i ty  on  the  ax i s  and local s w i r l  
parameter S ( X )  as a funct ion of  number of parameters 
used, for i n i t i a l  s w i r l  parameter Si = 1.425. 
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Fig: 2.3 Velocity profile development as a func t ion  of number 
of parameters used i n  the prof i le  approximation.  
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III. SINGULARITIES AND CRITICAL SWIRL PARAMETERS 
3.1  Singularit ies  of  the  Governing  System 
The system of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  (2.5)  becomes 
s i n g u l a r  when the de te rminan t  o f  coe f f i c i en t s .  fo r  the unknowns 
an? bn* and Uax vanishes ,  and the right-hand side.rema$ns 
nonzero. The s p e c i a l  case when the  right-hand side vanishes  
also has  some s i g n i f i c a n c e  and is considered later. 
. A t  a p a r t i c u l a r  a x i a l  p o s i t i o n  X. t h e  p r o f i l e  s h a p e s  
( r e l a t i o n s  2 . 4 )  are determined by the l o c a l  an (Xo), bn(Xo) , and 
'ax (Xo). Without loss i n  g e n e r a l i t y  w e  s h a l l  assume Ue = 1 and 
keep  only Ke as a free parameter. This amounts t o  i n v e s t i g a t i n g  
a g i v e n  a x i a l  v e l o c i t y  p r o f i l e  and a g i v e n  c i r c u l a t i o n  p r o f i l e  
shape a t  d i f f e r e n t  v a l u e s  of e x t e r n a l  c i r c u l a t i o n  Ke. The 
cond i t ion  fo r  van i sh ing  o f  the  determinant of coe f f i c i en t s  on  
t h e  lef t -hand side of system (2.5) i s  represented by a polynomial 
expression of the form 
f 2 n Gn (Ke 1 = 0 (3 1) 
n=O 
w i t h  N r o o t s  f o r  c h a r a c t e r i s t i c  e x t e r n a l  c i r c u l a t i o n  v a l u e s  
(Ke 1 .  The Gn a re   numer ica l   coef f ic ien ts .   Thus ,  there are N 
d i s t i n c t  v a l u e s  ,of Ke2 which l e a d  t o  s i n g u l a r i t i e s ,  and f o r  
N -+ Q) t h e  fo l lowing  r e su l t s  ob ta in :  
2 
For a g i v e n  a x i a l  v e l o c i t y  p r o f i l e  and g i ven  shape  of t h e  
c i r c u l a t i o n  p r o f i l e ,  t h e  e q u a t i o n s  of q u a s i - c y l i n d r i c a l  v i s c o u s  
i n c o m p r e s s i b l e  v o r t e x  f l o w  ( 2 . 1 )  have a c o u n t a b l y  i n f i n i t e  s e t  
of s i n g u l a r i t i e s  f o r  d i s c r e t e  v a Z u e s  of e x t e r n a l  c i r c u l a t i o n ,  
1% I 
It should be s t r e s s e d  t h a t  the s i n g u l a r i t i e s  are a func t ion  
of the local p r o f i l e s  o n l y  and independent of local 
d i e n t s  of e x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a t i o n .  
ax ia l  g ra -  
However, t h e  
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pro f i l e  deve lopmen t  i t s e l f  is, of course, dependent on e x t e r n a l  
g rad ien t s .  
The e f f e c t  o f  g r a d i e n t s  o f  e x t e r n a l  a x i a l  v e l o c i t y  Ue and 
c i r c u l a t i o n  Ke (i .e. dUe/dX and dKe/dX)becomes obvious i f  t h e  
s p e c i a l  case i s  considered where the right-hand side of equations 
(2.5) van i shes  toge the r  w i th  the  de t e rminan t  o f  coe f f i c i en t s  . 
System ( 2 . 5 )  i s  then  nonsingular.  The right-hand side i s  a 
l inear  func t ion  of  the g rad ien t s  dUe /dX and d K e / d X  and t h e  
parameters a and Uax i n  t h e  a x i a l  v e l o c i t y  and c i r c u l a t i o n  
prof i les .   For   each  prof i le   combinat ion ( i .e .  Ue ,  Ke ,  an, bn ,  
'ax 
g rad ien t s  dUe /dX and dKe/dX e x i s t s  f o r  which the r ight-hand 
side vanishes  and  the  system (2 .5)  i s  nonsingular ,  i .e . :  
n '  bn '  
) a par t icular  combinat ion Of e x t e r n a l  a x i a l  and c i r c u l a t i o n  
A s i n g u z a r i t y  c a n  b e  a v o i d e d  by a p p l i c a t i o n  of a p p r o p r i a t e  
e x t e r n a l  a x i a i !  a n d  c i r c u l a t i o n  g r a d i e n t s .  
T h i s  r e s u l t  i s  supported by t h e  r e s u l t s  of computations 
for  d i f f e r e n t  e x t e r n a l  a x i a l .  and c i r cu la t ion  g rad ien t s  desc r ibed  
i n  t h i s  r e p o r t .  
The two resul ts  der ived above are  independent  of  the 
par t icular  approximation and weighting functions chosen ( i . e .  
expressions ( 2 . 4 )  ) since any continuous function U ( Y )  o r  K(Y) 
can be represented by an i n f i n i t e  series of l inear ly  independent  
func t ions  { $ n ( ~ ) l  forming a complete set .  
It becomes ev ident  from t h e  a n a l y s i s  t h a t  t h e  (swirl- 
dependen t )  s ingu la r i t i e s  of the  quas i -cy l indr ica l  vor tex  equat ions  
a r e  d i f f e r e n t  i n  c h a r a c t e r  f rom the  sepa ra t ion  s ingu la r i ty  o f  t he  
boundary  layer   equat ions.   In   par t icular ,  i n  c o n t r a s t  t o  boundary 
l a y e r  s o l u t i o n s ,  there ex i s t  mean ingfu l  vo r t ex  so lu t ions  fo r  
swirl values  between the s ingular  values ,  and e s p e c i a l l y  f o r  a 
swirl va lue  grea te r  than  t h a t  o f  t h e  f i r s t  s i n g u l a r i t y .  F u l l  
vortex computations (Secs. I V  and V)  have shown, however, t h a t  
t h e s e  s o l u t i o n s  w i l l  normal ly  only  pers i s t  for  a f i n i t e  d i s t a n c e ,  
before  they  are d r i v e n  t o  t h e  n e x t  s i n g u l a r i t y .  
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3.2 Swirl   Parameters 
In  comparing d. i f ferent  vortex f lows,  Ke i s  n o t  a very 
meaningful  parameter.  Since  the  axisymmetric  breakdown  behavior 
of vortex flows i s  ev iden t ly  con t ro l l ed  by condi t ions  a t  t h e  
very core (Sarpkaya 1971a ,b ,  Orloff and  Bossel 1 9 7 1 ) ,  a s w i r l  
parameter i s  introduced which i s  based on core  condi t ions ,  i . e .  
t h e  swirl v e l o c i t y  p r o f i l e  g r a d i e n t  on t h e  a x i s ,  t h e  a x i a l  
v e l o c i t y  on t h e  a x i s ,  and the  co re  r ad ius  Rw max where t h e  
s w i r l  v e l o c i t y  W reaches i t s  maximum value: 
Th i s  de f in i t i on  of t h e  s w i r l  pa rame te r  r educes  to  the  f ami l i a r  
one S = RRc/U = Wc/U f o r  a cy l inder  of  f lu id  of  rad ius  Rc i n  
r i g i d  r o t a t i o n  R ,  wi th   un i form  ax ia l   ve loc i ty  U .  I n v i s c i d  
solut ions for  such f lows (Fraenkel  1956)  have cr i t ical  values  
of t h e  s w i r l  parameter a t  j ln /2  = 1.9159,  3.5078,  5.0867, 
6 . 6 6 1 8 ,  8.2353, ..., where jln a re  ze ros  of t h e  Bessel func t ion  
3 . 3  S i n g u l a r i t i e s  f o r  I n i t i a l l y  Uniform Axial Flow 
Figure 3 . 1  p r e s e n t s  t h e  f i r s t  f i v e  s i n g u l a r i t i e s  f o r  t h e  
v o r t e x  p r o f i l e s  
U ( Y )  = 1 = cons tan t  
as a funct ion of  s w i r l  parameter and order of approximation used. 
This   f low  approximatesr ig id   ro ta t ion   in   the   core .  The s ingu la r -  
i t i e s  were obtained by computing the der ivat ives  in, hn ,  fiax 
over  a wide  range  of Ke. Each addi t ional  approximating t e r m  
accounts for a new s i n g u l a r i t y ,  as expec ted ,  whi le  the  loca t ion  
of previously computed s i n g u l a r i t i e s  i s  o n l y  s l i g h t l y  a f f e c t e d .  
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Fig.  3.1  Singular s w i r l  parameter   values   for  U(Y) = 1, and 
K ( Y )  = WR = S (l-e'Y)/O .792 as a func t ion  of order  
of  approximation N. ( I n v i s c i d   v a l u e s   a r e   f o r   r i g i d  
body r o t a t i o n .  ) 
Fig. 3.2 
0 1 2 3 4 S s 6  7 8 0 10 11 
Magnitude of gradient of v e l o c i t y  on t h e  axis as 
funct ion  of  swirl parameter.  Uniform  axial  flow 
U ( Y )  = 1, and K ( Y )  = WR = S ( l - e - Y ) / 0 . 7 9 2 .  
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Likewis.e, the use of d i f f e r e n t  OL or  weight ing funct ion exponents  
k has only minimal  effect  on the l o c a t i o n  of the lower order ' 
s i n g u l a r i t i e s .  I n  p a r t i c u l a r ,  t h e  s i n g u l a r i t y  of g r e a t e s t  
i n t e r e s t ,  S1, remains   p rac t ica l ly   cons tan t .   S ince  there is  
ample evidence that t h i s   f i r s t   s i n g u l a r i t y  i s  as soc ia t ed  w i t h  
axisyqtmetric vortex breakdown, computations faili.ng a t  s ingu la r -  
ities, and i n  p a r t i c u l a r  a t  S1, w i l l  a l s o  be s a i d  t o  'breakdown" 
i n  the following work. The c r i t i ca l  s w i r l  va lues  j1J2 as 
found from the  theo ry  of inv i sc id  r ig id  ro t a t ion  (F raenke l  1956)  
' are a l s o  shown in  F ig .  3 .1 .  T h i s  f i g u r e  also g i v e s  t h e  swirl 
parameter So d iv id ing  f l o w  which decays smoothly (type la )  
from f l o w  which i s  abrupt ly  decelerated on the a x i s  and 'breaks 
down' because S1 is reached  (type l b ) .  The theoretical 
( inv i sc id )  va lue  (Bossel 1968) f o r  u n i f o r m  f l o w  i n  i n i t i a l l y  
r i g i d  r o t a t i o n  i s  So = fi. The v iscous  va lue  for  So is  found 
from a fu l l   vor tex   computa t ion  (see Sec. I V ) .  There i s  s t r i k i n g  
agreement between t h e  viscous and i n v i s c i d  v a l u e s  f o r  So, S1' 
s2, ... . 
'* 
3.4 ~ Behavior of Axial   Derivat ives  
A t  each S i n g u l a r i t y ,  a l l  a x i a l  d e r i v a t i v e s  jump t o  i n f i i l i t y  
i n  magnitude  and r eve r se  s igns .  Th i s  r e s u l t s  i n  c o n t r a s t i n g  
behavior for f l o w s  separa ted  by a s i n g u l a r i t y .  The a x i a l  
d e r i v a t i v e  of the  v e l o c i t y  on t h e  a x i s  f o r  t h e  vor tex  w i t h  uni- 
form axia l  f low 'is p l o t t e d  i n  F i g .  3.2 a s  a function of s w i r l  
parameter S. The s i n g u l a r i t i e s  are very  evident .  Note e spec ia l -  
l y  t h a t  the . s i g n  of the a x i a l  g r a d i e n t  r e v e r s e s  a t  each 
s i n g u l a r i t y .  I n  p a r t i c u l a r ' ,  f o r  a swirl value  below S1, the 
axia l  f low is decelerated i n  t h e  c o r e ,  while f o r  a swirl value 
S1 < S < S2 t h e  a x i a l  f l o w  i s  a c c e l e r a t e d  i n  t h e  inner  core .  
3.5 Effect  " of Ve loc i ty   P ro f i l e  
The c r i t i ca l  s w i r l  parameters So, S1, S2 ,  .... are func t ions  
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of the an, bn' U a x r  and Ue and are therefore profile-dependent.  
The example given, which approximates r i g i d  r o t a t i o n  4n i t s  
inner  core ,  appears  t o  confirm the earlier content ion (Bossel 
1967 ,  1968) t h a t  the behavior  of  viscous vortex f lows i s  governed 
,main ly  by  inv isc id  core  proper t ies .  The effect  of  nonuniform 
i n ' i t i a l  a x i a l  f l o w  on the c r i t i ca l  s w i r l  parameters i s  shown 
i n  F i g .  3 . 3  f o r  the  fami ly  of  prof i les  
K ( Y )  = WR = K e ( l  - e - aY) 
Flows with Uax < 1 are of  the t r a i l i n g  v o r t e x  t y p e ,  w i t h  a 
v e l o c i t y  d e f i c i t  on t h e  a x i s ,  whi le  flows wi th  U > 1 approxi- 
mate the leading edge vortex with a ve loc i ty  excess  on the a x i s .  
ax. 
Figure 3 . 3  shows the same 
various  f lows. The magnitudes 
q u a l i t a t i v e  b e h a v i o r  f o r  t h e  
of t h e  c r i t i c a l  swirl va lues  fo r  
14 '  %-\ 
Fig. 3 . 3  
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E f f e c t  of v e l o c i t y  p r o f i l e  on the c r i t i c a l  swirl 
va lues .  U ( Y )  = 1 + e - y ( U a x - l )  , K ( Y )  = S (1-e-y) /O .792. 
26 
the  nonuniform profi les  show a p r o f i l e  e f f e c t :  t h e y  a r e  
c o n s i s t e n t l y  h i g h e r  f o r  t h e  p r o f i l e  w i t h  i n i t i a l  a x i a l  v e l o c i t y  
d e f i c i t ,  and c o n s i s t e n t l y  l o w e r  f o r  t h e  p r o f i l e  w i t h  a x i a l  e x c e s s  
near the axis. This  resu l t  i s  t o  be  expected. The average velocity near 
t he  axis i s  most cer ta in ly   h igher   than   in   the   t ra i l ing   vor tex   case  
due t o  t h e  e f f e c t  o f  faster flow i n  a neighborhood of t h e  axis. In  the  case  
of the leading edge vortex, fluid surrounding the axis i s  slower than 
Uax and the average veloci ty  near  the exis would be less. If proper 
average velocit ies were used in  the  ca l cu la t ion  of S , t h e  l i n e s  of 
c r i t i c a l  s w i r l  parameters would be more near ly  horizontal .  
S ingular i ty  ana lyses  can  be performed f o r  any given arbi-  
t r a ry  ( expe r imen ta l )  ax ia l  and s w i r l  ve loc i ty  prof i le  combina t ion  
i n  o r d e r  t o  o b t a i n  i n f o r m a t i o n  on l ikely f low behavior ,  i n  
par t icu lar   the   p roximi ty   o f  S1. The c o e f f i c i e n t s  an, bn, and 
Uax i n  an N-th order  prof i le  approximat ion  ( 2 . 4 )  a r e  f i r s t  
determined by the method of Bossel (1970a). The c r i t i c a l  s w i r l  
va lues  are then  e i the r  ob ta ined  by de te rmin ing  the  coe f f i c i en t s  
Gn i n  t h e  c h a r a c t e r i s t i c  e q u a t i o n  (3.1) and  so lv ing  for  the  
f i r s t  N c r i t i c a l  Ke ( o r  S o ) ,  o r  by de te rmining  the  grad ien ts  
d/dX of the an and bn from  system ( 2 . 5 )  as a function of Ke ( o r  
s ) .  
3.6 Assessment  of Breakdown Behavior 
The r e s u l t s  o f  t h i s  s e c t i o n  o f f e r  s e v e r a l  p o s s i b i l i t i e s  
of assessing the probable axisymmetric breakdown behavior of 
vo r t ex  ve loc i ty  p ro f i l e s .  In  the  o rde r  o f  i nc reas ing  accu racy :  
(1) Comparison  of t he  swirl value 
w i t h  t h e  i n v i s c i d  c r i t i ca l  v a l u e s  f o r  r i g i d ,  r o t a t i o n ,  i n  
p a r t i c u l a r  So = fi ( d i v i d i n g  s t a g n a t i n g  (S > So) from 
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wake-type vortex  f low ( S  < So)) and S1 = 1 . 9 1 5 9  
( d i v i d i n g  s u p e r c r i t i c a l  ( S  < S1) from s u b c r i t i c a l  
vortex f low (S > S1), with a r e v e r s a l  of behavior a t  
sl) 
( 2 )  Comparison  of t h e  computed s w i r l  v a l u e  w i t h  t h e  r e s u l t s  
of Fig.  3 . 3 .  
( 3 )  Approximation  of  the  velocity  profiles by  parameters 
a n t  b n t  U e t  U a X t  Ke u s ing  the  method in  Bosse l  (1970a) 
fo r   i n i t i a l   p ro f i l e   app rox ima t ion .   Us ing   t he   approach  
of the p r e s e n t  s e c t i o n ,  t h e  a x i a l  g r a d i e n t s  a r e  then  
computed and t h e  a c t u a l  s i n g u l a r i t i e s  d e t e r m i n e d  by  
varying Ke o r  t h e  swirl S .  
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I V .  .VORTEX COMPUTATIONS FOR CONSTANT EXTERNAL AXIAL VELOCITY 
AND CIRCULATION 
This  sec t ion  presents  resu l t s  of  vor tex  computa t ions  for  
c o n s t a n t  e x t e r n a l  a x i a l  v e l o c i t y  and c i rcu la t ion .  Three  
d i f f e r e n t  i n i t i a l  v e l o c i t y  p r o f i l e s  were used i n  t h i s . a n d  i n  t h e  
fol lowing sect ion,  corresponding t o  in i t i a l ly .  un i fo rm ax ia l  f l ow 
and to flows of leading edge and t r a i l i n g  v o r t e x  t y p e ,  r e s p e c -  
t i v e l y .  Diagrams  of d i s t a n c e  Xf t o  f a i l u r e  of the computation 
as f u n c t i o n  o f  i n i t i a l  s w i r l  parameter w i l l  f i rst  be presented 
fo r  t hese  th ree  f low types .  The development of t h e  v e l o c i t y  on 
t h e  a x i s  and o f  t h e  v e l o c i t y  p r o f i l e s  w i l l  be  discussed i n  some 
d e t a i l .  The r e su l t s  conf i rm the  s ingu la r  behav io r  p red ic t ed  in  
Sec. 111. 
4 . 1  ___ I n i t i a l  " .- P r o f i l e s '  .. ~. and D i s t a n c e   t o   F a i l u r e  
Uni form { n i t i a Z  ax iaZ  fZou 
The case  where  the  in i t i a l  ax i a l  ve loc i ty  p ro f i l e  i s  uniform 
whi le  the  s w i r l  v e l o c i t y  p r o f i l e  i s  l i n e a r  w i t h  R i n  t h e  v i c i n i t y  
of t he  ax i s  p rov ides  a good t e s t  o f  t h e  a s s e r t i o n  t h a t  v o r t e x  
behavior i s  governed by the  inv i sc id  p rope r t i e s  o f  t h e  r i g i d l y  
ro t a t ing  co re  a s  cond i t ions  on t h e  a x i s  a r e  t h e n  i d e n t i c a l  i n  
bo th   ca ses .   In i t i a l   p ro f i l e s   (Burge r s  1 9 4 0 )  f o r   t h i s   c a s e  were 
U ( Y )  = 1 = cons tan t  
K (Y> = W ( Y )  R = K~ (1 - e-Yy) 
Most computations presented here were obta ined  for  y = 1. 
y = 2 was used to  tes t  s c a l i n g  e f f e c t s  on t h e  r e s u l t s  o f  t h e  
computation. The d i f f e r e n c e s  were found t o  be minimal. The r e l a -  
t ionship  be tween ex terna l  c i rcu la t ion  and i n i t i a l  s w i r l  can be 
computed from t h e  i n i t i a l  p r o f i l e s .  For y = 1 
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(dW/dR) R ax  c - s =  - ..792 K /U = .792 Ke 
%X e . ax  
and fo r  y = 2 
S = 1 . 1 2 1  Ke/Uax = 1 . 1 2 1  Ke 
Figure 4 . 1  p re sen t s ,  as a func t ion  of i n i t i a l  swirl para- 
meter and f o r  N = 3,  the  d is tance  of  successfu l  computa t ion  
be fo re  f a i lu re  occur red  a t  X f .  T h i s  p l o t  shows s e v e r a l  d i s t i n c t  
regions separated by s ingu la r  po in t s  i n  acco rdance  w i t h  the 
r e s u l t s  o f  Sec. 111. Continuous  solutions  could  only be found 
i n  r e g i o n  l a ,  c o r r e s p o n d i n g  t o  a n  i n i t i a l  s w i r l  parameter 
S 5 fi. The c h a r a c t e r s  o f  t h e  s o l u t i o n s  i n  t h e  d i f f e r e n t  r e g i o n s  
w i l l  be d iscussed  more f u l l y  i n  t h e  n e x t  s e c t i o n .  A s  pointed 
o u t  i n  Sec. 111, the computation w i t h  N = 3 only picks up t h e  
f i r s t  t h r e e  s i n g u l a r i t i e s .  The r e s u l t s  are therefore   on ly  
a c c u r a t e  f o r  S 5 S2.. 
0 
0 
yo 
0 
0 
0 
0 
/ 
0 
0 0.02 0.04 0.06  8 0.0 0.12 0.14 0.16 0.18 0.20 
xf 
s w i r l  parameter .   In i t ia l ly   un i form axia l  f l o w .  
Open circles denote  fa i lure  of  computat ion.  
Fi.g. 4 . 1  Distance t o  f a i l u r e  ( a t  X f )  as funct ion of i n i t i a l  
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L e a d i n g  e d g e  v o r t e x  
Experimental ( H u m m e l '  1965)  and t h e o r e t i c a l  ( H a l l  1961)  
resu l t s  for  lead ing  edge  vor tex  f lows  (as  genera ted  a t  t h e  
leading edges of de l t a  w ings ,  fo r  example )  a l l  show a l a r g e  
excess  of  ax ia l  ve loc i ty  near  the  ax is  over  the  f rees t ream axia l  
v e l o c i t y .  It  i s  of some i n t e r e s t  t o  see what e f f e c t ,  i f  a n y ,  
t h i s  v e l o c i t y  e x c e s s  h a s  on the  vor tex  behavior .  The e f f e c t  o f  
the  nonuni form shape  of  the  ax ia l  ve loc i ty  prof i le  on t h e  
c r i t i ca l  s w i r l  values has been discussed i n  Sec. 111. 
The i n i t i a l  v e l o c i t y  p r o f i l e s  i n v e s t i g a t e d  w e r e  
( i .e .  uaX = 2 . 0 ,  ue = 1.0) 
The re la t ionship  be tween Ke and S f o r  t h e s e  p r o f i l e s  i s  
s =  . 7 9 2  Ke/Uax = .792 Ke/2 = . 396  Ke 
This choice i s  n o t  t o o  good  an approximation to  the experimental  
and t h e o r e t i c a l  p r o f i l e s  of H u m m e l  and H a l l ,  b u t  i t  should serve 
to  demons t r a t e  t he  e f f ec t  o f  h ighe r  ax ia l  co re  ve loc i ty .  
Distances t o  f a i l u r e  of t h e  computation a t  Xf for N = 3 
a r e  shown i n  Fig.  4 . 2  a s  a f u n c t i o n  o f  i n i t i a l  s w i r l  parameter. 
The behavior i s  q u a l i t a t i v e l y  t h e  same a s  f o r  t h e  c a s e  o f  i n i t i a l  
uniform  axial   f low  (Figure 4 . 1 ) .  The c r i t i c a l  s w i r l  va lues   a r e  
now somewhat d i f f e r e n t  from the previous case.  They have  been 
more accurately determined,  with N = 5 ,  i n  Sec. 111. 
T'ra i  Zing v o r t e x  
The t r a i l i n g  v o r t e x ,  a s  found downstream of a s t r a i g h t  
wing, has a wake- l ike  ax ia l  ve loc i ty  d i s t r ibu t ion  wi th  a core  
ve loc i ty  smal le r  than  the  f rees t ream ve loc i ty  (Batche lor  1 9 6 4 ,  
McCormick et a l .  1 9 6 8 ) .  T h i s   v e l o c i t y   r e t a r d a t i o n   n e a r   t h e  
axis can be exp,ected t o  l e a d  t o  e a r l i e r  v o r t e x  s t a g n a t i o n  and 
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breakdown 
Xf 
D i s t a n c e  t o  f a i l u r e  ( a t  X f )  a s  f u n c t i o n  o f  i n i t i a l  
s w i r l  pa rame te r .   I n i t i a l   p ro f i l e s   o f   l ead ing   edge  
vor tex   type .  Open circles deno te   f a i lu re   o f  
computation. 
The i n i t i a l  p r o f i l e  chosen was 
( i .e .  uax = 0 . 5 ,  ue = 1 . 0 )  
For these p r o f i l e s ,  e x t e r n a l  c i r c u l a t i o n  and s w i r l  va lues  a re  
r e l a t e d  by 
S = . 792  Ke/Uax = . 792  Ke/0.5 = 1.584 Ke 
This  choice appears  to  come f a i r l y  c l o s e  t o  a c t u a l  t r a i l i n g  
vortex  f lows (McCormick e t  a l .  1 9 6 8 ) .  
D i s t a n c e s  t o  f a i l u r e  of t h e  computation a t  Xf f o r  N = 3 a r e  
shown i n  F i g .  4 . 3  as a f u n c t i o n  o f  t h e  i n i t i a l  s w i r l  parameter. 
Again the  behavior  of  the  so lu t ions  i s  q u a l i t a t i v e l y  t h e  same as 
f o r  t h e  t w o  previous cases. The a c t u a l  c r i t i ca l  s w i r l  parameter 
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3 D i s t a n c e  t o  f a i l u r e  ( a t  X f )  as f u n c t i o n  o f  i n i t i a l  
s w i r l  p a r a m e t e r .  I n i t i a l  p r o f i l e s  o f  t r a i l i n g  v o r t e x  
type.  Open c i rc les  denote   fa i lure   of   computat ion.  
Fig.  4 .  
v a l u e s  d i f f e r  somewhat from t h e  o t h e r  two cases  and aga in  a re  
not  as  accura te  as  those  found in  Sec .  I11 f o r  N = 5 ,  e s p e c i a l l y  
for S > S2. 
PossibiZity of breakdown-stable  solutions of type 2, 3, 4, . . .  
N o  breakdown-stable solutions of type 2 ,  3 ,  o r  4 w e r e  
found i n  t h e  p r e s e n t  i n v e s t i g a t i o n  f o r  c o n s t a n t  e x t e r n a l  a x i a l  
v e l o c i t y  and c i r c u l a t i o n .  T h i s  agrees   with  the resul ts  of  t h e  
s i n g u l a r i t y  a n a l y s i s  i n  Sec'. I11 where it became e v i d e n t  t h a t  
on ly  spec i f i c  ex te rna l  ax ia l  ve loc i ty  and  c i r cu la t ion  g rad ien t s  
can prevent flows of these ' types f rom approaching a s i n g u l a r i t y .  
It  w i l l  again be shown i n  Sec. V i n  s e v e r a l  examples t h a t  
a p p l i c a t i o n  o f  e x t e r n a l  a x i a l  v e l o c i t y  o r  c i r c u l a t i o n  g r a d i e n t s  
can  have  benef ic ia l  e f fec ts  on flow development f o r  t h e s e  t y p e s .  
There i s  some other  experimental  and analyt ical  evidence 
(Donaldson and Sullivan 1 9 6 0 )  suggesting breakdown-stable solu- 
t ions  of  the  mul t i - layered  type .  
3 3  
4 . 2  Velocity on the  Axis 
The behavior of vortex flow i s  d i f f e r e n t  f o r  e a c h  o f  t h e  
regions l a ,  lb, 2 ,  3 ,  ... . The most   important   indicator   of  
vortex behavior  i s  a p l o t  of v e l o c i t y  on t h e  a x i s  Uax vs. 
d i s t a n c e  X. The development of the velocity on t h e  a x i s  w i l l  
now be  d iscussed  for  f lows  wi th  cons tan t  ex terna l  ax ia l  ve loc i ty  
and c i r c u l a t i o n .  B e f o r e  d e s c r i b i n g  i n  g r e a t e r  d e t a i l  f l o w s  o f  
type 1 h a v i n g  d i f f e r e n t  i n i t i a l  p r o f i l e s ,  b e h a v i o r  o f  i n i t i a l l y  
uni form axia l  f lows  of  the  f i r s t  f ive  types  w i l l  be d iscussed .  
A l l  r e s u l t s  were computed with N = 3 .  
Behavior of initially uniform axial f l o w s  of t y p e s  1-4 
Figure 4 . 4  presen t s  the development of velocity on t h e  a x i s  
i n  t h e  f ive  r eg ions  l a ,  lb , 2 ,  3 ,  and 4 .  Each of the  curves  i s  
r ep resen ta t ive  o f  o the r  f lows  in  the  same region.  For  flows  of 
a given type,  the character  of  these curves,  and of t h e  v e l o c i t y  
prof i les ,   remains  t h e  same. Type la,   the  only  breakdown-stable 
4 r  
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Fig. 4 . 4  Development  of v e l o c i t y  on t h e  a x i s  f o r  d i f f e r e n t  
f low  types .   In i t ia l ly   un i form  ax ia l   f low.  Open 
circles deno te  f a i lu re  po in t s .  
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flow,  develops a reducc v e l o c i t y  on t h e  a x i s  which  remains 
approximately constant  for  a cons ide rab le  d i s t ance  be fo re  it 
again  approaches  the freestream value.  Type l b  flow  has 
g rad ien t s  (dUax/dX) which a re  a lways  s teeper  than  any  type  la  
g rad ien t s .   These   g rad ien t s   i nc rease ,  and the  computation 
terminates  due to  excess ive  g rad ien t s ,  w i th  Uax in  the  ne ighbor-  
hood of 0 .5 .  A t  t h e  same t i m e ,  the  s t ream sur face  angles  
sudden ly  inc rease  to  l a rge  pos i t i ve  va lues ,  i nd ica t ing  an  
explosive behavior  of  the core. Gradients become l a r g e r  , and 
the  ca l cu la t ion  b reaks  down increas ingly  sooner ,  as t h e  c r i t i c a l  
s w i r l  value S1 i s  approached. 
For s w i r l  va lues  g rea t e r  t han  S1, s o l u t i o n s  of type 2 a r e  
obtained, which now show an  acce le ra t ion  of t h e  v e l o c i t y  on t h e  
ax is .   Gradien ts  (dUax/dX) a r e   v e r y   l a r g e   f o r  S near  S1, b u t  
decrease as S i s  inc reased ,  l ead ing  to  longe r  ca l cu la t ions  be fo re  
f a i l u r e   o c c u r s .   F a i l u r e  of type 2 i s  an  implosive  one:  stream 
sur face  angles  assume l a rge  nega t ive  va lues  ve ry  qu ick ly  in  the  
immediate v i c i n i t y  o f  t he  f a i lu re  po in t .  Grad ien t s  dec rease  
fur ther  with correspondingly longer  resul t ing computat ions,  
u n t i l  t h e  v i c i n i t y  o f  S2 i s  reached, where again no s o l u t i o n s  
can be obtained. 
For s w i r l  S > S2 ,  the flow i s  again of d i f f e r e n t  t y p e  3 .  
The v e l o c i t y  on t h e  a x i s  now aga in  de .ce le ra tes ,  eventua l ly  
reaching a s t agna t ion  po in t  on t h e  a x i s .  Downstream of t h i s  
point  reversed f low develops on  and near t h e  a x i s ,  g r a d i e n t s  
s teepen and computation f a i l s  w i th  exp los ive  behav io r  o f  t he  
ou te r   co re .  As t h e  s w i r l  i s  fu r the r   i nc reased ,   g rad ien t s   a r e  
again reduced,  and the computat ions fai l  far ther  -downstream 
u n t i l  t h e  v i c i n i t y  of S3 i s  reached. N o  solut ions can be ob- 
t a i n e d  i n  t h e  immediate neighborhood of t h i s  p o i n t .  
For s w i r l  S .  > S3, the flow has once again changed i ts  
type 4 f low) .  The v e l o c i t y  on the  ax i s  aga in  t ends  
un t i l  g rad ien t s  aga in  s t eepen  r ap id ly ,  l ead ing .  t o  
behav io r   ( t o  
t o  i n c r e a s e ,  
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l a rge  nega t ive  stream surface a n g l e s  i n - t h e  o u t e r  core reg ions  
(implosive behavior),  and the computa t ion  fa i l s .  
As S i s  increased ,  more and more s i n g u l a r i t i e s  are encoun- 
t e r e d .  The v e l o c i t y  on t h e  a x i s  a l t e r n a t e s  between a d e c e l e r a t i n g  
tendency (for  odd type flow) and an accelerating tendency (for 
even type f l o w )  . 
I n i t i a l l y  uniform axial f l o w  of t y p e  1 
Probably the only vortex flow of major physical  signifi-  
cance i s  type 1 flow. The development of i t s  v e l o c i t y  on the 
a x i s  and its s w i r l  parameter S ( X )  w i l l  now be  g iven  in  more 
d e t a i l  f o r  the vo r t ex  w i t h  i n i t i a l ly  un i fo rm ax ia l  f l ow.  
Figure 4.5 p r e s e n t s  r e s u l t s  f o r  d i f f e r e n t  c h o i c e s  o f  i n i t i a l  
swirl .parameter Si. It a l so  g ives  the s w i r l  parameter S (X) for 
two neighboring  flows of type l a  and l b .  A swirl parameter 
value of approximately Si = 1 . 4  s epa ra t e s  t he  smoothly decaying 
vortex f lows ( type la :  Si 5 1 . 4 )  from  vortex  flows which 
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circles deno te  f a i lu re  of the computation. 
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eventua l ly   b reak  dowr- ( type  lb :  Si 2 1 . 4 ) .  Note t h a t  the 
t h e o r e t i c a l  i n v i s c i d  v a l u e  f o r  t h e  i n i t i a l  s w i r l  value leading 
t o  s t a g n a t i o n  i s  Si > fi = 1 . 4 1  f o r  r i g i d  r o t a t i o n  ( B o s s e l  1 9 6 8 ) .  
Type l a  f low adjus ts  t o  an almost  constant  value of  axial  
v e l o c i t y  and the rea f t e r  behaves  in  a wake-like  manner. The 
s w i r l  parameter S ( X )  genera l ly  decreases .  The s w i r l  still 
counteracts the normal spreading of the wake'and the attendant 
diminishing of t h e  a x i a l  v e l o c i t y  d e f i c i t ;  b u t  e v e n t u a l l y  t h e  
ax ia l  ve loc i ty  de f i c i t  aga in  dec reases ,  and  the  ax ia l  and s w i r l  
ve loc i ty  p ro f i l e s  decay  toge the r .  
F lows  .of  type  lb  in i t ia l ly  behave  much. l i k e  t h o s e  of type 
l a ,  e x c e p t  t h a t  t h e i r  rate of decrease of Uax i s  s teeper ,  and  
t h e  s w i r l  parameter S ( X )  increases .  Eventua l ly  the  s w i r l  e f f e c t s  
overwhelm the  res tor ing  tendencies  of t h e  wake, the drop of 
v e l o c i t y  on the  ax i s  s t eepens  r ap id ly ,  and the computation 
f a i l s .  A s  an i n i t i a l  s w i r l  parameter  value  of Si 'I 1.8  i s  
approached,   the   computat ion  fa i ls   increasingly  sooner .  N o  
so lu t ions  can  be  obta ined  near  th i s  po in t ,  whose t h e o r e t i c a l  
i nv i sc id  va lue  i s  Si = 3.8317/2 = 1.9159 f o r  r i g i d  r o t a t i o n  
(Fraenkel 1956).  
L e a d i n g   e d g e   v o r t e x  of t y p e  1 
The development of the velocity on t h e  a x i s  f o r  d i f f e r e n t  
i n i t i a l  swirl parameters Si f o r  a vortex of leading edge type 
( i n i t i a l l y  Uax = 2, Ue = 1) i s  given i n  Fig.  4 . 6 .  The s w i r l  
parameter S ( X )  i s  a l s o  shown f o r  two neighboring flows of type 
l a  and l b .  The behavior i s  q u a l i t a t i v e l y  a g a i n  the same a s  f o r  
t he  vo r t ex  wi th  in i t i a l ly  un i fo rm ax ia l  ve loc i ty .  A s w i r l  
parameter value of Si = 1.1 divides the smoothly decaying type 
l a  from the breakdown  type  lb.  This  value  of Si i s  somewhat 
lower than  the  theo re t i ca l  va lue  So = Jz f o r  i n v i s c i d  f l o w  i n  
r i g . i d  r o t a t i o n  and appears t o  r e f l e c t  t h e  i n f l u e n c e  o f  t h e  
prof i le  shape .  One would expec t  t ha t  t he  r eg ions  ad jacen t  t o  
t h e  a x i s ,  w h e r e  t h e  a x i a l  v e l o c i t y  i s  lower, would have some 
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Fig. 4 . 6  Development  of v e l o c i t y  on t h e  a x i s  as a function of 
i n i t i a l  s w i r l .  I n i t i a l  flow  of  leading  edge  vortex 
type.  Open c i rc les  deno te   f a i lu re  of the computations. 
e f f e c t  on the flow behavior and would therefore tend to bring 
down t h e  c r i t i c a l  v a l u e  of Si. 
T r a i l i n g  v o r t e x  of t y p e  1 
The development of velocity on t h e  a x i s  f o r  d i f f e r e n t  
i n i t i a l  swirl parameters S i  f o r  a t r a i l i n g  v o r t e x  ( i n i t i a l l y  
Uax = 0 . 5 ,  Ue = 1) i s  p l o t t e d  i n  F i g .  4.7. The s w i r l  parameter 
S ( X )  i s  a l so  g iven  fo r  two neighboring flows of type l a  and l b .  
The dividing value S of t h e  i n i t i a l  swirl parameter i s  now 
grea te r  than  n, r e f l e c t i n g  a g a i n  t h e  i n f l u e n c e  of the nonuni- 
form i n i t i a l  a x i a l  v e l o c i t y  p r o f i l e .  
0 
4 . 3  Veloc i ty   P ro f i l e s  
Figure 4 . 8  p r e s e n t s  t y p i c a l  v e l o c i t y  p r o f i l e s  f o r  i n i t i a l l y  
uniform axial  f l o w  and N = 3 as  they develop i n  t he  d i f f e r e n t  
swirl regions.  The swirl v e l o c i t y  p r o f i l e  i s  h a r d l y  a f f e c t e d ,  
bu t  t h e  a x i a l . v e l o c i t y  p r o f i l e  shows c h a r a c t e r i s t i c  f e a t u r e s  
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Fig. 4 . 8  Velocity  profile  development  and f l o w  c h a r a c t e r  f o r  
d i f f e r e n t  f l o w  t y p e s .   I n i t i a l l y   u n i f o r m . a x i a 1  flow. 
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which are d i f f e r e n t  i n  e a c h  r e g i o n .  A x i a l  v e l o c i t y  p r o f i l e s  f o r  
t hese  types ,  and  fo r  t he  in i t i a l  p ro f i l e s  w i th  un i fo rm axial  
v e l o c i t y ,  and leading  edge  vor tex  and  t ra i l ing  vor tex  charac te r  
a r e  g i v e n  i n  more de t a i l  below. 
For i n i t i a l l y  u n i f o r m  a x i a l  f l o w  a type 1 vortex always 
shows a decrease o f  v e l o c i t y  on t h e  a x i s  w h i l e  i n  t y p e  2 flow, 
the i n c r e a s e  i n  v e l o c i t y  on the  ax i s  appea r s ,  as noted earlier. 
In  add i t ion ,  f l ow in  a l a y e r  a d j a c e n t  t o  t h e  core may  now be 
retarded, and the vo r t ex  may assume a two-layer  s t ructure .  
S i m i l a r l y ,   i n   t y p e  3 f low,   three  layers   appear:  a re ta rded  
core flow, an  ad jacen t  acce le ra t ed  l aye r ,  and again,  an outer 
retarded l a y e r .  I n  type 4 f low,   four  similar layers   appear ,  
with core  f low being accelerated.  This  core s t ruc ture  has  been  
qua l i ta t ive ly  conf i rmed by c a l c u l a t i o n s  f o r  d i f f e r e n t  numbers 
of parameters N i n  t h e  i n t e g r a l  method o f  so lu t ion .  
The ve loc i ty  prof i le  deve lopment  for  a smoothly decaying 
type l a  v o r t e x  w i t h  i n i t i a l l y  u n i f o r m  a x i a l  f l o w  i s  shown i n  
Fig.  4 . 9 .  Behavior  of  type lb flow i s  q u a l i t a t i v e l y  s i m i l a r  up 
t o  t h e  f a i l u r e  p o i n t .  The s w i r l  v e l o c i t y  p r o f i l e  shows a 
gradual decay, w h i l e  t h e  e f f e c t  on t h e  a x i a l  v e l o c i t y  p r o f i l e  
( ax ia l  ve loc i ty  r e t a rda t ion  on  and n e a r  t h e  a x i s )  i s  more pro- 
nounced  and inc reases   w i th  swirl. Figures 4 . 1 0 ,  4 .11 ,  and 4 . 1 2  
show the development of v e l o c i t y  p r o f i l e s  (y = 2) when t h e  
i n i t i a l  swirl parameter Si exceeds S1. These three  cases   of  
types 2 ,  3 ,  and 4 a re  r ep resen ta t ive  o f  f ami l i e s  of s o l u t i o n s  
between s i n g u l a r i t i e s  S and.S4.   These  solut ions  develop a 
mul t i - l aye r  s t ruc tu re ,  and t h e  c o r e  f l o w  r e a c t s  d i f f e r e n t l y  i n  
each family ( i .e .  a c c e l e r a t i o n  o r  d e c e l e r a t i o n  o n  t h e  a x i s ) .  
All of t h e s e  c a s e s  e v e n t u a l l y  f a i l .  
1 
Figure 4.13 shows the development of t he  a x i a l  and s w i r l  
v e l o c i t y  p r o f i l e s  f o r  a (breakdown)  type l b  flow  of  leading  edge 
vortex type.  Again there i s  a s t r o n g  r e t a r d i n g  e f f e c t  on t h e  
a x i a l  v e l o c i t y  on and near  the axis ,  while  the swirl v e l o c i t y  
p r o f i l e  i s  n o t  g r e a t l y  a f f e c t e d .  
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Fig. 4.11 Veloc i ty  prof i le  deve lopment  for  in i t ia l ly  uni form 
axial   f low.  Type 3 .  
Fig. 4.12 Veloci ty  p r o f i l e  development for i n i t i a l l y  uniform 
a x i a l  flow. Type 4. 
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Fig .  4 .13  Veloc i ty  prof i le  deve lopment  for  in i t ia l  f low of 
leading  edge  vortex  type.  Type lb. 
Figure 4 . 1 4  presents  the development  of  axial  and swirl 
ve loc i ty  prof i les  for  smooth ly  decaying  type  la  f low of t r a i l i n g  
vortex type.  Si 1.864 
I * ' ' ' I . ' . '  
0 1 h Velocity Scale 
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R 
Fig. 4 .14  Ve loc i ty  p ro f i l e  deve lopmen t  fo r  i n i t i a l  f l o w  of 
t r a i l i n g   v o r t e x   t y p e .  Type la .  
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V. EFFECTS OF 
The s t r o n g  
on vortex flows 
and Bryer 1961 ,  
EXTERNAL VELOCITY AND CIRCULATION DISTRIBUTION 
e f f e c t s  of e x t e r n a l  a x i a l  p r e s s u r e  g r a d i e n t s  
are well es tab l i shed  exper imenta l ly  (Lambourne 
Harvey 1962 ,  H a l l  1966a)  and i n  numerical 
computations ( H a l f .  1966b,  Mager 1971) .  A p o s i t i v e   e x t e r n a l  
ve loc i ty  g rad ien t  has  an a c c e l e r a t i n g  e f f e c t  on the  ax ia l  ve lo -  
c i t y  on and near the a x i s  i n  t y p e  1 vortex f lows,  thus decreasing 
t h e  l o c a l  swirl parameter and delaying or preventing breakdown. 
The e f f e c t s  o f  c i r cu la t ion  g rad ien t  are less obvious. Combined 
e x t e r n a l  a x i a l  v e l o c i t y  a n d  c i r c u l a t i o n  e f f e c t s  may r e i n f o r c e  or 
cancel each other,  depending on s ign  and magnitude of each and 
on the type of vor tex  flov. It  w i l l  be shown h e r e  t h a t  e x t e r n a l  
ax ia l  ve loc i ty  and  c i r cu la t ion  g rad ien t s  have  con t r a s t ing  e f f ec t s  
on f lows  of  d i f fe ren t  type .  Such gradients can be used t o  
prevent vortex breakdown, a t  l e a s t  f o r  some d i s t ance .  
The behavior of vortex f lows under  external  veloci ty  and 
c i r c u l a t i o n  g r a d i e n t s  is o f  cons ide rab le  in t e re s t  i n  cases 
where breakdown of vortex flows i s  t o  be prevented or induced. 
Computation by methods such as t h e  present  one  can  ind ica te  
what v e l o c i t y  and c i r cu la t ion  g rad ien t s  shou ld  be  app l i ed  and 
where. 
5 .1  Type, 1 Vortex Flow 
Type 1 flow i s  of  cons iderable  in te res t  because  it i s  the 
most common type   in   appl ica t ions .   Leading .edge   and   t ra i l ing  
v o r t i c e s  on wings are usua l ly  of the breakdown-stable type l a ,  
bu t  may change t o  s t a g n a t i n g  t y p e  l b  as a r e s u l t  of e i t h e r  
higher  s w i r l  ( increased wing angle  of  a t tack)  o r  adverse pressure 
g rad ien t  (nega t ive  ex te rna l  ax ia l  ve loc i ty  and /o r  ex te rna l  
c i r c u l a t i o n  g r a d i e n t ) ,  
E x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a t i o n  g r a d i e n t s  are f e l t  
through the i r  e f f e c t s  on b o t h  t h e  e x t e r n a l  p r e s s u r e  d i s t r i b u t i o n  
4 4  
afld the! s w i r l  parameter. The Bernou l l i  equa t ion  fo r  the free- 
stream 
shows t h e  same q u a l i t a t i v e  e f f e c t  o f  e x t e r n a l .  a x i a l  v e l o c i t y  and 
c i r cu la t ion  g rad ien t s  on  t h e  p re s su re  g rad ien t .  There i s  an 
amplif ied response of t he  flow on and near  the  a x i s  t o  e x t e r n a l  
pressure  grad ien t  (see H a l l  1966a ,  p. 6 9 )  which i s  Confirmed by. 
a l l  the present  computations.  Thus p o s i t i v e  e x t e r n a l  a x i a l  
v e l o c i t y  and c i r c u l a t i o n  g r a d i e n t s  w i l l  p a r t l y  t e n d  t o  c a u s e  
inc reas ing  ve loc i ty  on t h e  a x i s  f o r  t y p e  1 flow. 
Flow behavior i s  governed by t h e  swirl parameter S - Ke/Uax. 
While t h e  e f f e c t  o f  p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  and 
c i r c u l a t i o n  g r a d i e n t s  i n c r e a s e s  Uax and decreases S ,  a c i r cu la -  
t i o n  g r a d i e n t  also inc reases  Ke and may raise S .  A p o s i t i v e  
e x t e r n a l  v e l o c i t y  g r a d i e n t  i s  therefore  a lways s t a b i l i z i n g  i n  
type 1 f l o w ,  while a p o s i t i v e  e x t e r n a l  c i r c u l a t i o n  g r a d i e n t  
may be either s t a b i l i z i n g  ( i n  t y p e  l a  f l o w ) ,  o r  d e s t a b i l i z i n g  
( in  type  l b  flow),  depending on which effect  dominates.* The 
r e s u l t s  p r e s e n t e d  here a r e  f o r  t y p e  1 vortex f lows w i t h  i n i t i a l l y  
uni form axia l  ve loc i ty .  Other  i n i t i a l  a x i a l  v e l o c i t y  d i s t r i b u -  
t i o n s  g i v e  q u a l i t a t i v e l y  t h e  same r e s u l t .  
F igure  5 .1  presents  the r e s u l t s  of t h e  app l i ca t ion  of 
v a r i o u s  p o s i t i v e  and  nega t ive  ex te rna l  ax ia l  ve loc i ty  g rad ien t s  
to  a t y p e  l b  v o r t e x  f l o w  of f i x e d  i n i t i a l  s w i r l  and w i t h  
i n i t i a l l y  u n i f o r m  a x i a l  v e l o c i t y .  T h i s  p a r t i c u l a r  f l o w  breaks 
down unde r   ze ro   ex te rna l   ve loc i ty   g rad ien t .  The same q u a l i t a t i v e  
behavior i s  found f o r  .a .type l a  vo r t ex  f low.  The experimental  
* 
' S t a b i l i z a t i o n '  i s  here t a k e n  t o  me.an t h e  prevention of axi-  
symmetric vor tex  breakdown by avoiding any of the  
s i n g u l a r i t i e s  SI, S2, ... 
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observations (breakdown delay or avoidance through a p o s i t i v e  
ex te rna l  ax ia l  ve loc i ty  g rad ien t )  a r e  conf i rmed ,  and t h e  f i g u r e  
a l s o  i l l u s t r a t e s  t h e  s i g n i f i c a n t  e f f e c t  which even very small 
ex te rna l  ve loc i ty  grad ien ts  can  have  on the v e l o c i t y  on t h e  
ax is .  Negat ive  ve loc i ty  grad ien ts  l p w e r  t h e  c r i t i c a l  s w i r l  value 
and cause type l b  flow t o  break down sooner.  Note t h a t  a posi-  
t ive  v e l o c i t y  g r a d i e n t  can prevent  breakdown and convert  a flow 
from type l b  t o   l a ,  even though the i n i t i a l  p r o f i l e  would 
i n d i c a t e  breakdown i n  a ze ro  ve loc i ty  g rad ien t .  
Figure 5 . 2  p re sen t s  resul ts  o f  t he  app l i ca t ion  o f  d i f f e ren t  
c i r cu la t i . on  g rad ien t s  t o  a type l a  vor tex .  The e f f e c t  o f  a 
modera t e  pos i t i ve  c i r cu la t ion  g rad ien t  i s  q u a l i t a t i v e l y  t h e  same 
a s  f o r  a p o s i t i v e  v e l o c i t y  g r a d i e n t .  However, t h e  e f f e c t  
reverses  i n  type l b  flow  (Fig. 5.3). Here a p o s i t i v e  e x t e r n a l  
c i r c u l a t i o n  g r a d i e n t  resul ts  i n  e a r l i e r  f a i l u r e ,  w h i l e  a nega- 
t i v e  g r a d i e n t  may p r e v e n t  f a i l u r e  a l t o g a t h e r .  N o t e  t h a t  t h i s  
r e v e r s a l  of t h e  c i r c u l a t i o n  g r a d i e n t  e f f e c t  c a n  be used t o  
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Fig. 5.3 Development of v e l o c i t y  on t h e  a x i s  f o r  t y p e  lb flow 
under  d i f f e ren t  ex te rna l  ax ia l  ve loc i ty  and c i r c u l a -  
t i o n   g r a d i e n t s .   I n i t i a l l y   u n i f o r m   a x i a l  flow. 
U e i  = 1 . 0 ,  K e i  = 1.27, S i  = 1.425. 
- U e  = cons t ,  K e  = cons t ;  - U, = v a r i a b l e ,  K e  = cons t ;  
--Ue = cons t ,  K e  = v a r i a b l e .  
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determine t h e  c r i t i ca l  value So separating wake-type ( la )  from 
breakdown-type ( lb )   behav io r .  
5 . 2  Type 2 Vortex Flow 
The e f f e c t s  of e x t e r n a l  ‘axial  v e l o c i t y  and c i r c u l a t i o n  
g rad ien t s  on a type 2 vor tex  wi th  in i t ia l ly  uni form axia l  f low 
are i l l u s t r a t e d  i n  F i g .  5 . 4 .  For ze ro  g rad ien t s  t he  ve loc i ty  on 
t h e  a x i s  would a c c e l e r a t e ,  e v e n t u a l l y  r e s u l t i n g  i n  i m p l o s i v e  
f a i l u r e ,  a s  n o t e d  e a r l i e r .  A p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  
g r a d i e n t  a c c e l e r a t e s  t h e  i n c r e a s e  i n  v e l o c i t y  on t h e  a x i s  and 
the  subsequent   fa i lure .  A p o s i t i v e  v e l o c i t y  g r a d i e n t  a p p l i e d  
f a r t h e r  downstream  has a r e t a r d i n g  e f f e c t ,  however. A negat ive  
e x t e r n a l  a x i a l  v e l o c i t y  g r a d i e n t  i n i t i a l l y  c a u s e s  a slower 
inc rease  i n  v e l o c i t y  on the  ax is ,  bu t  subsequent ly  the  s lope  
beg ins  to  s t eepen ,  and (implosive) breakdown occurs  ear l ier  than 
w i t h  z e r o  e x t e r n a l  v e l o c i t y  g r a d i e n t .  
2 
uax 
1 
@Kef5  ----- ”” 
”- ””---- 
X 
Fig. 5 . 4  Development  of v e l o c i t y  on t h e  a x i s  f o r  t y p e  2 flow 
unde r  d i f f e ren t  e x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a -  
t i o n  g r a d i e n t s .  I n i t i a l l y  u n i f o r m  a x i a l  flow. 
U e i  = 1.0, K e i  = 3.0, S i  = 3 . 3 6 .  
.--e = Const, Ke = c o n s t ; -  U e  = v a r i a b l e ,  K e  = const ;  
” Ue = cons t ,  K e  = variczble. 
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.A p o s i t i v e  e x t e r n a l  c i r c u l a t i o n  g r a d i e n t  h i n d e r s  t h e  
a c c e l e r a t i o n  of v e l o c i t y  on t h e  axis.  I t  may even keep the 
v e l o c i t y  on the axis  approximately constant  and suppress  the  
development  of  extreme veloci ty  peaks in  the axial  veloci ty  pro-  
f i l e ,  t h u s  s t a b i l i z i n g  t h e  vortex for  cons iderable  d is tance .  
However, i n  such cases, t h e  v e l o c i t y  on t h e  a x i s  shows a 
d ive rgen t  o sc i l l a to ry  behav io r ,  and  even tua l  ( imp los ive )  f a i lu re  
must  be expected.  Negat ive external  c i rculat ion gradients  lead 
t o  fu r the r  acce le ra t ion  o f  t he  ve loc i ty  on t h e  a x i s  and t o  
earlier f a i l u r e .  
5.3 Type 3 Vortex Flow 
A type 3 vortex with ini t ia l ly  uniform axial  f low and zero 
e x t e r n a l  g r a d i e n t  shows a v e l o c i t y  r e t a r d a t i o n  on t h e  a x i s  which 
l eads  t o  even tua l  s t agna t ion  the re  and  an i n n e r  region of 
reversed axial  f low surrounded by an annular region where the 
ax ia l  ve loc i ty  exceeds  the  f r ees t r eam ve loc i ty .  Fa i lu re  
even tua l ly  r e su l t s .  F igu re  5 .5  p re sen t s  t he  r e su l t s  o f  ex te rna l  
a x i a l  v e l o c i t y  and c i r c u l a t i o n  g r a d i e n t s  on t h i s  flow. 
A p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  g r a d i e n t  c a u s e s  f u r t h e r  
d e c e l e r a t i o n  o f  t h e  v e l o c i t y  on the axis and  an ear l ier  f a i l u r e .  
A nega t ive  g rad ien t  acce le ra t e s  t he  ve loc i ty  on t h e  a x i s  and 
may r e t a r d  f a i l u r e  f o r  a s i g n i f i c a n t  d i s t a n c e .  
A p o s i t i v e  e x t e r n a l  c i r c u l a t i o n  g r a d i e n t  h a s  t h e  same e f f e c t  
a s  a p o s i t i v e  v e l o c i t y  g r a d i e n t ,  and it usua l ly  l eads  ve ry  
q u i c k l y  t o  a dro? i n  t h e  v e l o c i t y  on t h e  a x i s  and t o  f a i l u r e .  A 
n e g a t i v e  e x t e r n a l  c i r c u l a t i o n  g r a d i e n t ,  i f  s t r o n g  e n o u g h ,  w i l l  
accelerate t h e  v e l o c i t y  on t h e  a x i s  and lead to  imp los ive  
f a i l u r e .  
5 . 4  Type 4 Vortex Flow 
A type 4 vor tex  wi th  in i t ia l ly  uni form axia l  f low and ze ro  ex te rna l  
a x i a l  v e l o c i t y  or c i r c u l a t i o n  g r a d i e n t s  shows i n c r e a s i n g  v e l o c i t y  
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Fig. 5.5 Development of v e l o c i t y  on the a x i s  for type  3 flow 
u n d e r  d i f f e r e n t  e x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a -  
t i on   g rad ien t s .   I n i t i a l ly   un i fo rm  ax ia l   f l ow.  
Uei  = 1.0, K e i  = 7 . 0 ,  Si = 7.85. 
-Ue = cons t ,  K e  = const i -  U, = v a r i a b l e ,  K e  = const ;  
--Ue = cons t ,  K e  = v a r i a b l e .  
on the  ax i s  and ,  even tua l ly ,  imp los ive  f a i lu re  o f  t h e  inne r  
core .  The e f f e c t  o f  app l i ed  ex te rna l  ax ia l  ve loc i ty  and 
c i r c u l a t i o n  g r a d i e n t s  i s  shown i n  F i g .  5 .6 .  
A p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  g r a d i e n t  i n i t i a l l y  c a u s e s  
s lower  g rowth ,  o r  decs l e ra t ion ,  o f  t he  ve loc i ty  on the a x i s  
before  Uax again rises s t e e p l y  and f a i l u r e  o c c u r s .  A nega t ive  
ex te rna l  ax ia l  ve loc i ty  g rad ien t ,  wh i l e  s t eepen ing  the  rise i n  
v e l o c i t y  on t h e  a x i s ,  may r e t a r d  f a i l u r e  f o r  a considerable  
d i s t ance  . 
A pos i t i ve  ex te rna l  c i r cu la t ion  g rad ien t  can  s t a b i l i z e  
t h e  f l o w  f o r  some distance.  Again,  however, a d ivergent  
o s c i l l a t i o n  a p p e a r s  i n  t h e  v e l o c i t y  on t h e  a x i s ,  l e a d i n g  t o  
e v e n t u a l  f a i l u r e .  A nega t ive  ex te rna l  c i r cu la t ion  g rad ien t  
leads  to  quick  acce lera t ion  of the v e l o c i t y  on t h e  a x i s  and t o  
e a r l i e r  f a i l u r e .  
50 
4 
3 
Uax 
2 
1 
0 '  1 I I 1 I I I I I 1 
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 
X 
Fig. 5.6 Development  of ve loc i ty  on  t h e  a x i s  f o r  t y p e  4 flow 
u n d e r  d i f f e r e n t  e x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a -  
t i on   g rad ien t s .   I n i t i a l ly   un i fo rm  ax ia l   f l ow.  
-Ue = cons t ,  K e  = const;- U e  = v a r i a b l e ,  K e  = cons t ;  
U e i  = 1 . 0 ,  K e i  = 15.0, S i  = 16.81. 
" U e  = cons t ,  K e  = v a r i a b l e .  
5.5  Avoidance  of  Singularit ies 
Table 5.1 summarizes the results of subsect ions 1 through 4 .  
Note t h a t  the e f f e c t s  of gradients superimpose on t h e  r e s u l t  f o r  
ze ro  g rad ien t s ,  and t h a t  the n e t  r e s u l t  may be an i n i t i a l  
decrease and la te r  inc rease  i n  v e l o c i t y  on t h e  a x i s ,  f o r  example 
(as i n  some cases 4 with a p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  
g rad ien t )  . 
Mater ia l  p resented  here  has  shown t h a t  (1) the  co re  flow i s  
ma in ly  r e spons ib l e  fo r  even tua l  f a i lu re ,  and t h a t  ( 2 )  the  core  
flow is  eas i ly  inf luenced  by  ex terna l  f low condi t ions .  It  is 
therefore  obvious ly  poss ib le  t o  influence the development of 
a l l  v o r t e x  t y p e s  by a p p l i c a t i o n  o f  e x t e r n a l  a x i a l  v e l o c i t y  or 
c i r c u l a t i o n  g r a d i e n t s .  A ques t ion  of prac t ica l  impor tance  is 
whether such gradients can be used to  s t ab i l i ze  vo r t ex  f lows  
which are i n i t i a l l y  o f  u n s t a b l e  t y p e .  The s i n g u l a r i t y  a n a l y s i s  
of Sec. I11 i n d i c a t e s  t h a t  t h i s  s h o u l d  be poss ib le .  
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Table5 i 1 
Behavior of Vortex Flaws 
Separating swirl parameter 0 $1 
Type (uniform initial I 
I axial flow) 
I l a  l b  
Initial development for zero 
external axial velocity  and 
I 
Velocity  on  axis 
I circulation gradients: 
decreaaes 
I 
Positive external axial 
velocity gradient causes 
additional acceleration I '  I 
I I 
(Modest) positive external 
circulation gradient causes 
accel.  decel. additional 
I 
I 
I 
increases decreases I 
acceleration decel. 
(later: 
deceleration) 
deceleration decal. 
increases I 
I 
deceleration I 
Permanent s t ab i l i za t ion  o f  f low in i t i a l ly  o f  t ype  l b  by 
e x t e r n a l  a x i a l  v e l o c i t y  o r  c i r c u l a t i o n  g r a d i e n t s  c a n  be achieved, 
as evidenced by Fig .  5 .3  and supported by experimental evidence. 
A s  a further example,  Fig.  5 .7  demons t r a t e s  t he  r e su l t  of 
app l i ca t ion  of a very small p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  
g rad ien t  on i n i t i a l l y  breakdown-unstable type l b  vortex flow. 
The g rad ien t  w a s  a p p l i e d  a t  X. i n  the immediate v i c i n i t y  of 
t h e  f a i lu re  po in t ,  t r ans fo rming  the  vo r t ex  in to  a breakdown- 
stable l a  t y p e .  
I t  has already been said (Sec. I) t h a t  app l i ca t ion  of the 
parabolic  system (1) t o  s u b c r i t i c a l  v o r t e x  f l o w  (S > S1) is  open 
t o  criticism, b u t  r e s u l t s  a r e  n e v e r t h e l e s s  b e l i e v e d  t o  d e s c r i b e  
t r e n d s  c o r r e c t l y .  The fo l lowing  d iscuss ion  of behavior  of flows 
i n  t h e  subcritical region i s  based on the  parabolic system and 
re fers  to  behavior  of  cor responding  so lu t ions .  
Since the parabol ic  system exhibits s i n g u l a r i t i e s  (S1, S a ,  
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Fig. 5 . 7  Prevention  of  breakdown of type lb flow by application 
of a s m a l l  p o s i t i v e  e x t e r n a l  a x i a l  v e l o c i t y  g r a d i e n t  
beginning a t  Xo. I n i t i a l l y  uniform  axial  flow, 
S i  = 1.402. 
S3, etc.)  it w i l l  no t  be poss ib l e  t o  go .from one flow type t o  
another   wi thout   fa i lure   o f   the   computa t ion .   In   par t icu lar ,  it 
w i l l  n o t  b e  p o s s i b l e  t o  go from type 2 ,  3 ,  o r  4 flow to  break-  
down-stable type l a  f low without  computat ional  fa i lure .  
S t a b i l i z a t i a n  w i t h i n  a given flow type by application of e x t e r n a l  
a x i a l  v e l o c i t y  a n d / o r  c i r c u l a t i o n  g r a d i e n t s  i s  another  mat ter .  
F a i l u r e  may be avoided for a cons iderable  d is tance :  and 
permanent s t a b i l i z a t i o n  a p p e a r s  p o s s i b l e  by appl ica t ion  of  
s p e c i f i c  e x t e r n a l  a x i a l  v e l o c i t y  and c i r c u l a t i o n  g r a d i e n t s  
(Sec. 111). I n  a p p l i c a t i o n s ,  stable vor tex   f lows   a re   usua l ly  
r e q u i r e d  o n l y  o v e r  f i n i t e  d i s t a n c e s ,  and a p p l i c a t i o n  of favor- 
a b l e  e x t e r n a l  a x i a l  v e l o c i t y  o r  c i r c u l a t i o n  g r a d i e n t s  c a n  r e s u l t  
i n  r e t a r d i n g  f a i l u r e  f o r  a s u f f i c i e n t  d i s t a n c e ,  a s  shown i n  
prev ious  subsec t ions .  
S tab le  mul t i - layer  vor tex  f lows  of  h igh  s w i r l  S > S1 do 
e x i s t  i n  n a t u r e  ( c e r t a i n  t o r n a d o s  and water spouts) and  can  be 
ger,erated in  the laboratory (Rosenzweig,  Ross, Lewellen .1962). 
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Their correct and f u l l  t r e a t m e n t ,  beyond e s t a b l i s h i n g  g e n e r a l  
t rends ,  appears  t o  r e q u i r e  more than a s o l u t i o n  of t h e  p a r a b o l i c  
system (2.1) . 
5 4  
VI. CONCLUSIONS 
The computat ion of  viscous.  quasi-cyl indrical  vortex f lows 
a t  l o w  s w i r l  v a l u e s  d o e s  n o t  p r e s e n t  a n y  p a r t i c u l a r  d i f f i c u l i t i e s  
and can be handled by methods which are o n l y  s l i g h t l y  more 
complicated than comparable methods of boundary l a y e r  computa- 
t ion .  Computa t iona l  d i f f icu l t ies  arise a t  high s w i r l  values  
due t o  the appearance of s w i r l -  and prof i le-dependent  s ingular i -  
t i es  which i n d i c a t e  a f a i l u r e  of t he  quas i - cy l ind r i ca l  
approximation and appear t o  correspond to  physical  axisymmetr ic  
'vortex breakdown'. 
On the  bas i s  of  recent  op t ica l  ve loc i ty  measurements  i n  
vor tex  breakdown flows, a d is t inc t ion  has  been  made i n   t h i s  
r e p o r t  inparticular between 'vortex breakdown',  'vortex jump',  
and the 'vortex  bubbles '   assocated  with  vortex breakdown. While 
the  vo r t ex  breakdown and vortex bubble flow must be computed by 
us ing  the  (e l l ip t ic )  Navier -S tokes  equat ion  or t h e  c o r r e c t  
( inv isc id)  subse t  thereof ,  the  f low approaching  the  breakdown 
can  be  computed  by the  (pa rabo l i c )  quas i - cy l ind r i ca l  vo r t ex  
e q u a t i o n s  u s e d  i n  t h i s  r e p o r t .  T h i s  se t  has  been shown t o  have 
an i n f i n i t e  number of d i s c r e t e  s i n g u l a r i t i e s .  A 'vor tex  jump' 
i n  the sense of Benjamin's ( 1 9 6 2 )  hydraul ic  jump analogy may 
occur downstream of the vortex breakdown and vortex bubble. A 
s o l u t i o n  i n  t h e  jump region must include a proper matching 
condition between t w o  conjugate flows. 
The present  repor t  has  presented  
(1) an  accura te  and  ef f ic ien t  method for  the computat ion 
of  viscous incompressible  quasi-cyl indrical  axisym- 
metric s teady vortex f low,  
(2) a method f o r  o b t a i n i n g  t h e  s i n g u l a r  s w i r l  va lues  
f o r  a g iven  vor tex  ve loc i ty  prof i le  combina t ion  
( a x i a l  v e l o c i t y  p r o f i l e  and s w i r l  v e l o c i t y  p r o f i l e ,  
o r  c i r c u l a t i o n  p r o f i l e ) ,  
55 
( 3 )  r e s u l t s  of  vortex  computations  for a wide  range  of 
swirl p a r a m e t e r s ,  i n i t i a l  p r o f i l e s ,  and e x t e r n a l  
ax ia l  ve loc i ty  and  c i r cu la t ion  g rad ien t s .  
The numerical  method of integration of t he  vo r t ex  equa t ions  
i s  an  app l i ca t ion  of t h e  method of weighted residuals. The 
p resen t  method uses  exponent ia ls  in  both the approximating 
e x p r e s s i o n s  f o r  a x i a l  v e l o c i t y  and c i r c u l a t i o n  and as  weight ing 
functions-. It i s  fo rmula t ed  fo r  a rb i t r a ry  N and  can  produce 
q u i c k  q u a l i t a t i v e  s t u d i e s  f o r  N = 1 o r  2 ,  o r  more accura te  
r e s u l t s  . f o r  N > 2 .  The r e s u l t s  p r e s e n t e d  were f o r  N = 3 .  
Computation of a mult i tude of  vortex f lows has  been eff ic ient  
and v i r t u a l l y   t r o u b l e - f r e e .  I n  explora tory   inves t iga t ions   such  
as t h i , s  one  and i n  more de t a i l ed  ana lyses  of f lows, the use of 
N-parameter integral  methods appears  to  have dis t inct  advantages 
and much p o t e n t i a l .  The s i n g u l a r i t i e s  of a given vortex velo-  
c i ty  prof i le  combina t ion  were found by in t roducing  i t s  desc r ib ing  
parameters  in to  the  set of  equat ions  for  the  parameter  grad ien ts  
and determining the s w i r l  parameters  for  which the system 
becomes s ingular  (and t h e  g r a d i e n t s  i n f i n i t e ) .  
Major r e s u l t s  o f  t h e  i n v e s t i g a t i o n  were as  fol lows:  
(1) The equat i .ons  of   viscous  quasi-cyl indrical   incompressible  
vortex f low have an inf ini te  number o f  d i s c r e t e  s i n g u l a r i t i e s .  
These s i n g u l a r i t i e s  a r e  b e s t  c a t e g o r i z e d  i n  terms of the s w i r l  
parameter  of  an equivalent  cyl inder  of  f luid i n  r i g i d  r o t a t i o n .  
Fo r  g iven  vo r t ex  ve loc i ty  p ro f i l e s ,  t he  s ingu la r  s w i r l  parameter 
values can be computed to  de t e rmine  f low behav io r ,  o r  r e su l t s  
such as the present can be used as guide l ines .  
( 2 )  The s i n g u l a r  swirl parameters S1, S2, . . . appear   to  
correspond to  t h e  c r i t i c a l  v a l u e s  j /2 of t h e  s w i r l  parameter 
i n  t h e  s o l u t i o n  of the equat ion of  inviscid f low with i n i t i a l  
r i g i d  r o t a t i o n .  (The reg ions  of  va l id i ty  of  the  v iscous  and 
i n v i s c i d  sets over lap  a t  and nea r  t he  ax i s ,  bu t  t he  v i scous  
q u a s i - c y l h d r i c a l  set becomes inva l id  where  s t ream sur faces  
I n  
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expand or c o n t r a c t   r a p i d l y . )  The exac t   va lues  of S1, S2' . . . 
are profile-dependent.  
(3) At each  s ingu la r i ty ,  a l l  d e r i v a t i v e s  become i n f i n i t e  i n  
magnitude  and reverse t h e i r  s i g n s .  The r e s u l t  i s  c o n t r a s t i n g  
behavior of vortex flows on bo th  s ides  o f  t he  s ingu la r i ty .  In  
p a r t i c u l a r ,  as t h e  f i r s t  s i n g u l a r i t y  S1 i s  crossed from  below 
( increas ing  s w i r l  parameter ) ,  the  tendency  to .dece lera t ion  of  
t h e  v e l o c i t y  on the axis  (and-expansion of  stream sur faces )  
changes t o  one of  accelerat ion (and contract ion) .  
( 4 )  For s w i r l  parameters less than a d iv id ing  va lue  So < S1, 
vortex f lows show smooth viscous decay of a l l  v e l o c i t y  p r o f i l e s  
t o  the   sur rounding   f rees t ream  ve loc i ty   ( type   l a ) .   For  s w i r l  
parameters   g rea te r   than  S inc reas ing ly   r ap id   dece le ra t ion  on 
the  ax i s  deve lops ,  t he  swirl paramter S ( X )  i n c r e a s e s  f u r t h e r ,  
and the  computa t ion  fa i l s  when t h e  s i n g u l a r i t y  S ( X )  = S1 i s  
reached  ( type  lb)  . So i s  profile-dependent and a p p e a r s  t o  
correspond t o  the   d iv id ing   va lue  So = fo r   i nv i sc id   f l ow i n  
i n i t i a l l y  r i g i d  r o t a t i o n .  
0' 
( 5 )  Exte rna l  g rad ien t s  o f  ax ia l  ve loc i ty  o r  c i r cu la t ion  can  
a f f e c t  t h e  s w i r l  parameter S ( X )  and corresponding flow behavior 
by e i ther  speeding  the  approach t o  a s i n g u l a r i t y  o r  by avoiding 
it a l t o g e t h e r .  I n  p a r t i c u l a r ,  breakdown-prone  flows  of  type l b  
w i t h  S ( X )  > So can be transformed to type la,  which w i l l  no t  
break down. A t . t h e  d i v i d i n g  p o i n t  S o ,  t h e  e f f e c t  of an external 
c i r c u l a t i o n  g r a d i e n t  reverses. 
( 6 )  Each new s i n g u l a r i t y  f i r s t  e n t e r s  a t  t h e  a x i s  and spreads 
outward a s  S is  increased.  ' This l e a d s  t o  a l t e r n a t e l y  d e c e l e r a -  
t i n g  and a c c e l e r a t i n g  l a y e r s  i n  t h e  a x i a l  f l o w  p r o f i l e s .  Thus 
f o r  S3 < S < S4 ( type  4 f l o w ) ,   f o u r   l a y e r s   e x i s t :   a c c e l e r a t i n g  
core- f low,  ad jacent  dece lera t ing  layer ,  an  acce lera t ing  layer  
nex t ,  and a d e c e l e r a t i n g  o u t e r  l a y e r .  I t  does not  appear  that  
breakdown-stable vortex configurations are possible  under  these- 
c o n d i t i o n s  f o r  S > So, u n l e s s  e x t e r n a l  a x i a l  v e l o c i t y  and 
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c i r c u l a t i o n  g r a d i e n t s  are appl ied .  
( 7 )  The s i n g u l a r i t i e s  are coupled  with  explosive ot implosive 
expans ion ,  respec t ive  cont rac t ion  of  the  stream s u r f a c e s ,  and 
the  pa rabo l i c  v i scous  subse t  of the Navier-Stokes equations used 
i n  t h e  p r e s e n t  work.becomes invalid and should be replaced by 
t h e  inv i sc id  equa t ions  of ro t a t ing  f low or b y  t h e  f u l l  Navier- 
Stokes equat ions  very  close t o  and a t  t h e  s i n g u l a r i t i e s  (Bossel 
1 9 6 9 ) .  These sets permi t   cont inuous   so lu t ions   for  a l l  S. The 
r e s u l t s  p r e s e n t e d  h e r e  are v a l i d  almost t o  t h e  p o i n t  of 
computa t iona l  f a i lu re  in  most cases s i n c e  stream sur face  angles  
remain of the  order  of  a few d e g r e e s  f o r  t y p i c a l  core Reynolds 
numbers  of o rde r  1 0  . 4 
( 8 )  N o  qua l i t a t ive  d i f f e rence  ex i s t s  i n  the  behav io r  o f  f l ows  
of same t y p e  b u t  h a v i n g  d i f f e r e n t  v e l o c i t y  p r o f i l e s  (i.e. 
uniform i n i t i a l  a x i a l  f l o w ,  1 e a d i n g . e d g e  v o r t e x ,  t r a i l i n g  v o r t e x ) .  
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APPENDIX 
Coefficients  in the ordinary  differential  equations (2.5): 
N 
A 
n ,k = 1 aRSl,k + 'eS2 ,k + 'axS3,k 
R=l 
N 
R=l 
N 
ck = 1 aRS7,k + 'eS8,k + 'axS9 ,k 
R=1 
N 
Dk = 1 aRS4,k + 'eS5,k + 'axS6 ,k 
R=l 
N 
Ek = 2 bgQ1,  412 + KeQl  ,512 
R=l 
Fk = f  anTl ,k + 'eT2,k + 'axT3,k 
n-1 
N 
N - 
B 
n,k = 1 aRQl;l + 'eQ1,2 'aXQ1,3 
R=l 
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N 
Ek = 1. aRQ1,4 + 'eQ1,5 + 'axQ1,6 - 
R=l 
N 
n = l  
These coefficients involve present  values  of  t h e  parameters 
bnf  and of U , Ue,  and Ke. They must   therefore  be ca lcu la-  an 
ted anew a t  each s t e p .  However I t h e  numbers Q I S I  T ,  's I and ? 
a re  cons t an t s  which a r e  determined only once a t  t h e  beginning 
of t h e  computation. I t  i s  conven ien t  t o  de f ine  them i n  terms 
of o the r  cons t an t s  Z ,  P I  and R. The following numbers a r e  a l l  
fo r  g iven  R and  n. The index k runs from 1 to N + 1. 
ax 
L e t  
60 
Then 
For the Q's and R's the index  m = 1, 2, 3: 
61 
Then 
- - 
'i ,k - *l,i + 'kRl,i i =  1, 2, . . . 9 
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